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Abstract

Two-sided matching markets are pervasive in nu-
merous real-world applications, ranging from la-
bor markets to online advertising. A rich line of
research has studied the matching bandit prob-
lem, where participants learn their preferences
through iterative interactions. However, existing
works assume a static environment with fixed par-
ticipants and require synchronized learning, in
which all participants start simultaneously and
have access to a global clock. In reality, matching
markets are inherently dynamic: participants may
enter and leave at arbitrary time steps without any
global signal, creating coordination challenges.
To study the dynamic setting, we first investigate
one-sided learning under uncoordinated player ar-
rivals, where only the players need to learn their
preferences. We propose the Way-SE algorithm,
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which achieves a regret of O( K Algog L ), where K

min

is the number of arms, 7" is the time horizon, and
Apin 18 the minimum utility gap. This is done
through a distributed exploration mechanism that
coordinates exploration implicitly via just local
clocks. More importantly, we extend our work
to fully decentralized dynamic two-sided learn-
ing, where both sides need to learn their pref-
erences, and players arrive or depart arbitrarily.

We introduce Way-SE-2S, the first algorithm to
KTlfl/K(logT)z/K )
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achieve sublinear regret O (

min

in this challenging environment, without requiring
global signals, restrictive preference structures, or
observability of the results of competing agents.
Our work provides the first theoretical guaran-
tee for stable matching in fully decentralized and
uncoordinated bandit markets.
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1. Introduction

Two-sided matching is a fundamental framework with wide-
ranging applications in modern economic markets, such as
labor markets (Roth, 1984a; Mehta et al., 2007), school
admissions (Abdulkadiroglu & Sonmez, 2003), online ad-
vertising (Varian, 2007), two-sided recommendation plat-
forms (Li et al., 2024), etc. The classical literature (Roth
& Sotomayor, 1992; Gale & Shapley, 1962; Roth, 2002)
focuses on how to generate a stable outcome, while more re-
cent studies (Das & Kamenica, 2005; Liu et al., 2020; 2021;
Sankararaman et al., 2021; Kong et al., 2022; 2024; Zhang
& Fang, 2024) started investigating the important matching
bandit problem. In the latter, participants on one or both
sides must learn their unknown preferences about the other
side through iterative interactions and stochastic rewards. In
a static setting with a fixed set of players and arms, existing
studies were able to design online learning algorithms to
reach a stable matching, while almost minimizing the regret.

However, in many applications, matching markets are in-
herently dynamic: players may enter and leave the market
arbitrarily without giving any global signal (Doval, 2022;
Ashlagi et al., 2023; Akbarpour et al., 2020). For instance,
in labor markets or crowdsourcing platforms, applicants
(players) frequently enter and exit the market while compa-
nies (arms) remain long-term. Because these arrivals and
departures occur without any centralized schedule, there is
no shared global clock to align their actions. This leads to
a decentralized learning process where participants initiate
preference learning at different, uncoordinated time steps,
raising an important question: Is it possible to reach a stable
matching with minimum regret under such decentralized,
uncoordinated learning conditions?

This uncoordinated dynamic setting introduces fundamental
challenges in both exploration and exploitation, which ren-
der existing state-of-the-art algorithms (Kong & Li, 2023;
Zhang et al., 2022; Kong et al., 2024; Zhang & Fang, 2024;
Wang & Li, 2024) inapplicable. For exploration, the unco-
ordinated arrivals break the common assumption of phased
exploration (e.g., round-robin or explore-then-commit), as
participants are at different stages of their learning progress.
Indeed, all existing decentralized protocols rely on play-
ers being “synchronized” to avoid collisions: they enter
the market at the same time and start learning in the same
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round. In particular, a global clock is publicly known to all
participants and leveraged by the algorithm. Without this,
collisions become pervasive and persistent. For exploitation,
the arbitrary departure of players implies that the optimal
stable matching is not a fixed target but a changing one.
In static markets, once a stable matching is found, players
can commit to their choices and maintain them indefinitely.
However, in the dynamic setting, if a high-ranking player
leaves, the entire stable-matching structure may shift. Al-
gorithms that stop exploring after an initial convergence
period will inevitably suffer a linear regret: without external
signals, they fail to detect and adapt to the new equilibrium
of the system.

To address these challenges, we first tackle the exploration
problem by investigating the one-sided learning scenario un-
der dynamic player arrivals, where there is no departure and
only players need to learn their preferences about arms. For
players learning with K arms in time horizon 7', we propose
K2 logT )
AZ
for player-optimal stable matching (POSM) in the dynné‘ﬁlic
setting, where A ;,, denotes the minimum utility gap among
arms for the players. Our key technical contribution lies
in a novel distributed exploration mechanism that enables
participants to only rely on their local clocks and de facto
coordinate their exploration phases without global synchro-
nization, effectively resolving collisions even when players
arrive arbitrarily at different time steps.

the Way-SE algorithm that achieves a regret of O(

Next and more importantly, we extend our study to the most
general and complex case: a fully decentralized, dynamic
two-sided learning setting. In this scenario, both players and
arms need to learn their preferences about the other side, and
players may enter or leave at any time, without knowing the
global time or the actions or rewards of others, and without
sending or receiving any public signal. We introduce the

Way-SE-2S algorithm, which achieves a sublinear regret of
O(KTlfl/K(log T)Z/K
2

) with respect to POSM, for arbitrary

min

sequences of player arrivals and departures, again without
using a global clock for synchronization. To our best knowl-
edge, this is the first learning algorithm to achieve a sub-
linear regret in this challenging environment. To overcome
the challenges brought by player departures, we introduce a
novel re-exploration mechanism termed “Restless Ping”!,
which is specifically designed to restore the matching struc-
ture after departure-induced structural shifts. It inherently
empowers a decentralized market to continuously track and
recover the evolving POSM under uncoordinated population
dynamics. Ultimately, our work provides the first theoreti-
cal guarantee for stable matching in fully decentralized and
uncoordinated bandit markets, making a genuine step in
this hard open problem and building a new bridge between

IThis is not the “restless bandit” model in the literature. Rather,
it highlights the way how our algorithm works.

matching bandit theory and real-world dynamic systems.

The rest of the paper is organized as follows. Section 2
discusses related work. We then introduce the two-sided
dynamic matching market model in Section 3. Section 4
presents the Way-SE algorithm and Section 5 presents the
Way-SE-2S algorithm, as well as their theoretical guarantees.
In Section 6, we empirically evaluate our algorithms in
various dynamic matching market scenarios and compare
their performance against state-of-the-art algorithms. Due
to page limits, proofs and additional experimental results
are deferred to the Appendix in the Supplemental Material.

2. Related Work

Decentralized Bandit Learning in Matching Markets.
Existing literature on decentralized matching bandits is pri-
marily categorized by the feedback available to players.
Earlier works (Liu et al., 2021; Kong et al., 2022; Kong
& Li, 2023) assume a full observation setting where the
entire matching outcome is revealed, allowing players to
achieve a logarithmic regret. In the more restrictive par-
tial observation setting, where players only observe their
own matching outcome, coordination must be achieved ei-
ther implicitly or explicitly. Implicit coordination typically
relies on specific market structures, such as serial dicta-
torship or a-conditions (Sankararaman et al., 2021; Basu
et al., 2021; Maheshwari et al., 2022), with Wang & Li
(2024) recently establishing optimal regret bounds under
these assumptions. To accommodate general markets, recent
advances introduce explicit protocols that emulate the Gale-
Shapley algorithm (Gale & Shapley, 1962), such as ML-
ETC (Zhang et al., 2022) and Adaptive Online GS (Kong
et al., 2024), which utilize phase-based synchronization to
secure collision-free samples.

Dynamic Matching Markets. Research on dynamic envi-
ronments has largely focused on reward non-stationarity,
where players’ and arms’ preferences evolve over time.
Proposed solutions include restart strategies (Muthirayan
et al., 2023) and successive elimination protocols such as
DNCB (Ghosh et al., 2022). However, these methods as-
sume a static set of agents and fail to account for population
dynamics (entry/exit), where the market structure itself is
fluid. As highlighted by Li et al. (2025), designing algo-
rithms for markets with structurally changing populations
remains a critical open challenge. Our work fills this gap
by considering arbitrary player arrivals and departures, a
setting significantly more complex than simple reward drift.

Two-sided Unknown Preferences. In markets where pref-
erences are unknown to both sides, achieving stable match-
ing becomes a moving target due to the coupled learning
processes of all participants. While recent data-driven for-
mulations attempt to learn these uncertain preferences from
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historical data (Dai & Jordan, 2021), their analytical frame-
works are restricted to static environments with synchro-
nized timelines. Current theoretical approaches, such as
CA-ETC (Pagare & Ghosh, 2023) and Round-Robin ETC
(Zhang & Fang, 2024), also rely on synchronized, epoch-
based strategies to identify the POSM. Although recent stud-
ies explore uncoordinated learning via probabilistic meth-
ods (Pokharel & Das, 2023; Etesami & Srikant, 2025) or
extended Gale-Shapley variants (Basu, 2025), they predom-
inantly assume a fixed participant set with a synchronized
starting clock. Parallel to these algorithmic constraints, ex-
isting lower bounds (Sankararaman et al., 2021) are also
for synchronized settings, leaving theoretical lower bounds
under dynamic environments entirely unknown. In contrast,
our work breaks these assumptions by addressing a fully
decentralized market characterized by population dynamics
and uncoordinated learning start times.

3. The Model

This paper considers decentralized bandit learning in two-
sided dynamic matching markets over a time horizon 7.
Time is discrete, and there is an abstract global clock
only for the purpose of problem description and analysis,
whereas the value of the clock is unknown to the players or
arms. Players enter the market in an uncoordinated way
and may leave at any time. Throughout time, the mar-
ket has IV players in total and K fixed arms, denoted by
N ={po,p1,--.,pn-1}and K = {ag,...,ax_1}. Here
K is publicly known while N is unknown to the players
or arms. For each player p;, it has an enter time ¢! and
leave time 2%, such that 1 < i < t2%_If it never leaves,
then t9** £ T + 1. Player p; pulls arms at time steps
t € [tin, tou!). That is, p; no longer pulls any arm in the

1 Y7

time step where it leaves.

At each global time ¢ € [1,T], the set of active players is
Ni £ {pi[tin <t < 9%} C N. To formalize the eventual
stabilization of the player set, we define the global stable
time Tgabie € [1, T as the earliest time such that the active
player set is finally stable: that is, Vp; € N, tﬁ" < Titable
and we have that either t9*' < Typie or t9%" = T + 1.
Thus N; = Nz, forall t > Tipaple.

Importantly, neither Ty;ap1e nor the time steps when other
players enter or leave is known to a player. Upon entering, a
player p; only has a local clock ¢; to count its own decisions,
which starts from 1 at time ti” Indeed, p; doesn’t know
tﬁ”, tf“t, or how long itself will be in the system either.
Following prior works (Liu et al., 2020; 2021; Sankararaman
etal., 2021; Basu et al., 2021; Kong et al., 2022; Zhang et al.,
2022), we assume 1 < |[NV;| < K for all ¢, so that at every
time step, the market is non-empty and each active player
can be matched to an arm.

table

Preferences and Utilities. Each side of the market has a
strict preference ranking over the other, represented by fixed
but unknown utilities. For player p;, the utility of arm ay,
is pik € [0,1]. We define the utility gap for player p; as
A & Mingy gy e k£ [k — Wik |- For arm ag, the util-
ity of player p; is my, ; € [0, 1], and the utility gap for arm ay,
. (a) & . . .

is ALY = ming, s,en iy £y |Th,iy — Tk, i, |- Following previ-
ous works (Liu et al., 2020; 2021), we assume min; A; > 0
and miny A,(ca) > (, and denote the minimum gaps for the
player side and the arm side as A?

Aa

min £ minieN Az and
a. £ mingex Agl), respectively. The definition of the
global minimum utility gap A,;, then adapts to the specific
learning setting: in Setting I (Section 4), where arms do
not learn, the complexity relies solely on the player side,
SO Apin £ AP . ; whereas in the fully decentralized Set-
ting II (Section 5), convergence is constrained by the hard-
est instance on either side, thus A, = min{ AP . A%, 1.
Both y; ;, and 7, ; are initially unknown and must be learned
through repeated interactions. Note that A,,,;, is used in
the algorithm only to simplify the latter’s description. In
Appendix F we discuss how to remove it: the algorithm be-

comes more complex without significantly new techniques.

Following literature convention (Zhang & Fang, 2024; Kong
et al., 2024), the players propose and the arms accept. In
each round ¢, each active player p; € N; proposes to an
arm A;(t) € K. Each arm a;, collects the set of proposers
and accepts the one according to its learning algorithm. We
denote the player successfully matched to arm ay, at time ¢
as Ij(t). When a match is successful between player p; and
arm ay, at time ¢, player p; will receive a stochastic utility
X;(t) € [0,1] with E[X;(t)] = pi, and arm ay, will re-
ceive a stochastic utility Yy (¢) € [0, 1] with E[Y,(¢)] = 7 ;-
The player rejected by the arm or the arm with no one
proposing at time ¢ will receive utility X;(¢) = 0 and
Y5 (t) = 0 at that round. Players do not observe any in-
formation about the actions or utilities of others.

Stability and Regrets. Stability is the central solution
concept in two-sided markets (Gale & Shapley, 1962; Roth,
1984b; Roth & Sotomayor, 1992; Gusfield & Irving, 1989).
At any time ¢, a matching is stable if all active players are
accepted by their proposed arms and there exists no player-
arm pair (p;, ay) that blocks it —meaning that both prefer
each other over their current partners, i.e., f; g > s, A, ()
and Th,i > Tk I (t) -

With respect to an arbitrary sequence of entering and leaving
actions of the players, let M; denote the set of all stable
matchings at time . Among them, the player-optimal stable
matching (POSM), denoted as m;, yields the highest utility
for every active player p; € N; simultaneously. The ob-
jective of the proposed algorithms is to drive the players to
converge toward the POSM. A player p;’s cumulative regret
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with respect to the POSMs through time is defined as

Ri(T)£E[ )

teftin,tovt)

Here, the expectation is taken over the randomness in p;’s
utility generation and the players’ randomized strategies
according to the learning algorithm.

As typical in the literature, our learning algorithms try to
minimize each player’s cumulative regret, and we are inter-
ested in regret upper-bounds that are sublinear in 7, so that
the time-averaged regret goes to 0 as T' grows. By doing so,
the individualized regret minimization collectively drives
the decentralized system to track the dynamic POSM target.
Of course, our algorithms work in the dynamic decentral-
ized setting and each player runs the algorithm individually,
without any global signal or any observation about others.

4. Algorithm for One-sided Learning with
Arrival-Only Players

To address the fundamental challenges of uncoordinated
learning in dynamic matching markets, in this section, we
first investigate the one-sided learning problem under unco-
ordinated player arrivals. Here, only players need to learn
their preferences while arms have fixed, known preferences.
Also, the players never leave, so t;’“t =T + 1 for all p; and
is omitted in the discussion.

We develop a decentralized algorithm that enables players to
systematically explore arms and identify their optimal stable
matches without requiring a global clock. Our Algorithm 1,
called the Way-SE (Wait-and- Yield with Stable Elimination)

algorithm, combines a cyclic exploration mechanism with
K?logT
A2

min

an elimination strategy to achieve an O( ) regret in

this environment.

4.1. Algorithm Overview

The algorithm operates in two phases at each time step ¢: a
State Update phase and an Exploration/Exploitation phase.
In the state update phase, each player p; first computes con-
fidence bounds for all arms based on historical observations,
then decides whether to explore or exploit. Then, in the
exploration/exploitation phase, the player proposes to the
target arm, observes the utility, and updates the statistical
estimates.

State Update. At the beginning of each round ¢, player p;
computes the upper/lower confidence bounds (UCB/LCB)
for each arm a; based on historical observations, which
consist of the number of successful pulls N; ;(t) and the
empirical mean [, 1 (t). More specifically, let 6, € (0,1)
denote the maximum tolerable global failure probability

Algorithm 1 Way-SE (from the view of player p;)

1: Input: Arm set K = {az.}} "

2: Init: Sz — K, ptr; ~ U(K)

3: Imit: [, < 0, Njp < O, UCBi’k(O) +«— 1,
LCB, 1 (0) < 0,Vk € {0,..., K — 1}.

4: fort=1,...,T do

// State Update

Update UCB; 1 (t) and LCB,; ; () for all aj, € K by

Equations 3 and 4;

7: Let k* < arg maxy.q, es, LCB; 1 (t);

8: ifLCB; - (t) > MaXk:q, €8\ {ag } UCBiJg(t) then

9:

AN

: Pull a;.+; /[Exploitation
10: if X;(t) > 0 then
11: Qi e —X"'(t)N—tJZi’i*lﬂi'k* 3 Nigr — Nig= + 15
12: else ’
13: Si»/li,k*;Ni,k*»t%
14: WAITINGARM(aj,, i, fti i+, Ni g+, 1);
15: end if
16:  else
17: Pull ap,,; //Exploration
18: if X;(t) > 0 then
19: [ ptrs X,(t);f\fmifzrlltm
20: Ni,ptri — Ni,ptri +1;
21: ptr; + (ptr; +1) mod K;
22: else
23: if apr, € S; then
24: Siv ﬂi,ptr” Ni,ptrm t
25: WAITINGARM (Gpir, , Siy fli ptr; » Niptrs » 1)
26: else
27: ptr; < (ptr; +1) mod K;
28: end if
29: end if
30:  endif
31: end for

across all players, arms, and time steps. To control the
cumulative error via the union bound, we allocate this to-
tal budget over both arms and time. Namely, for each
time step ¢, we define a time-dependent failure probabil-
ity budget §, £ %ﬁﬂ. Following the definition of self-
normalized martingale bound (Abbasi-Yadkori et al., 2011),
the confidence radius is defined as:

Radm(t, (St) £

1+ Ni,k(t) .
2N; 1 (1)

1+ 2log (K‘ 1§Ni’k(t)). 2)
¢

When N; () = 0 (no historical samples), the radius is
defined as Rad; (¢, ;) = 1.

Based on the empirical mean fi; ;(¢) and the confidence
radius Rad; (¢, ;) computed from historical information,
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Algorithm 2 WAITINGARM (for player p;)

1: Input: Target arm ax, S;, fisk, Vi, .
2: Imit: ¢yt < O.

3: forr=1,...,Kdo
4:  Pull ag;

5:  if X;(7) > 0 then
6: Update f1; i, Ni k3

7 Return S;, 1; o, Ni g, t + 7
8

. else
9: Cwait < Cwait T 1;
10:  end if
11: end for

12: if cpair > K then

13: Sz — Sz \ {ak};

14: end if

15: Return S;, fi; g, Ni g, t + K

//Elimination

player p; computes the confidence bounds:

UCB; x(t) = min{1, fi; k() + Rad; 1 (t,6,)},  (3)
LCB; x(t) £ max{0, fi; x(t) — Rad; x(t,0;)}.  (4)

Using these confidence bounds, p; first picks an arm ay«
that has the highest LCB among the remaining candi-
date set S;, i.e., k* = argmaxy.,,es, LCB;k(t). If
the confidence intervals are sufficiently separated so that
LCB; x+ (t) > maxXy.q, e8,\{a,-} UCBi k (%), then the algo-
rithm exploits ay~; otherwise, it follows the cyclic explo-
ration algorithm (Line 17 of Algorithm 1).

Index-Free Cyclic Exploration. The key challenge in
uncoordinated learning is that players enter and explore at
different, unsynchronized times, so naive exploration strate-
gies can lead to persistent collisions. Our index-free cyclic
exploration algorithm addresses this by letting each player
maintain a local pointer ptr;, initialized uniformly at ran-
dom from {0,..., K — 1}, and advance it deterministically
modulo K. Thus, as long as two players’ pointers are off-
set from each other, they keep sweeping through all arms
without colliding in exploration.

When a collision occurs and player p; got rejected (i.e.,
X;(t) = 0), p; does not immediately give up, but instead
continues to propose the same arm for up to K consecu-
tive rounds while maintaining a waiting-time counter Cyait
that increments up to K (Algorithm 2). Here, the K -round
waiting window spans a full exploration cycle: temporary
explorers will vacate the arm within K rounds. Therefore,
if the arm yields zero utility throughout the entire K -round
waiting period, p; deduces that a superior player is per-
sistently occupying this arm, eliminates it from S,, and
resumes the cyclic scan. Otherwise, if p; obtains positive
utility before the K -round timeout, it concludes that the arm

is not occupied by a superior player and retains it within the
cyclic exploration process.

Exploitation with Elimination. To find the POSM, the
algorithm initializes each player p;’s candidate set to the
full arm set S; <— K. During exploitation, the player targets
the arm ay~ with the highest LCB among remaining can-
didates. Similar to the exploration part, if rejected enough
times, then p; permanently eliminates ag~ from S;. The
elimination strategy is safe because any eliminated arm, al-
though preferred by the player, cannot belong to the POSM:
the arm is persistently occupied by some player whom the
arm prefers over p;, so this player would block any match-
ing between p; and aj-. Combined with the fact that newly
entering players can only cause each existing player’s assign-
ment unchanged or worse, this ensures that the eliminated
arms are precisely those unattainable to p; in the POSM.

4.2. Regret Analysis

Theorem 4.1. Following Algorithm I, the expected cumula-

tive regret for any player p; satisfies:

K?logT
A2 ’

min

E[R,(T)] < O < 5)

and the system converges to POSM with high probability.

The complete proof of Theorem 4.1 is presented in Ap-
pendix A. To provide the readers with some intuition, the
core idea is to decompose the cumulative regret into Learn-
ing Regret and Structural Adjustment Regret, conditioned
on the validity of time-uniform concentration bounds. Our
Index-Free Cyclic Exploration method ensures that any
player, regardless of their arrival time or the existing popula-
tion, maintains a minimum sampling frequency of (1/K?)
for each candidate arm. This guarantee enables players to
distinguish suboptimal arms from the optimal one within

2
O(%) learning steps. For the residual structural ad-

min

justment regret, the analysis hinges on the validity of the
elimination strategy: the timeout condition (cyqi¢ > K,
Line 12 of Algorithm 2) serves as a precise discriminator. It
guarantees that even when players arrive at different times,
each player eventually eliminates all infeasible arms, while
the system ultimately converges to the POSM.

It is worth noting that the A} dependence in Theorem 4.1

reflects a fundamental challenge inherent to asynchronous
environments. Specifically, when a collision occurs, it stems
from two indistinguishable situations: either the arm is only
temporarily occupied by another exploring player, or it has
already been stably matched with a player it prefers. Con-
sequently, unlike in classic static settings, players cannot
safely eliminate arms based solely on confidence bounds.
How to establish a more refined A_ ! -dependent bound
under asynchronous arrivals remains an open challenge.
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5. Algorithm for Two-sided Learning

Having analyzed the one-sided learning environment with
player arrivals, we now advance to the most general and
complex scenario: a fully decentralized, dynamic two-sided
learning setting. In this setting, both players and arms need
to learn their preferences regarding the opposing side, and
the players may enter or leave at any time. The paramount
difficulty here is that a player’s departure may change the es-
tablished matching structure, thereby incurring regret even
among players who had already found their optimal arms
in previous time. We overcome this challenge via a ran-
domized algorithmic design and, for the first time, establish
sublinear regret guarantees under such a fully dynamic and
uncoordinated environment.

5.1. Algorithm Overview

Specifically, in the two-sided case, each arm maintains con-
fidence bounds for players following the mainstream frame-
work (Abbasi-Yadkori et al., 2011), always selecting the
player that has the highest upper confidence bound. For-
mally, each arm aj, estimates its preference for player p;
using a confidence budget of §; = %; the bounds are
defined as:

UCB}j}Q (t) £ min (1, 7.;(t) + Rad; (£, 6,)) ,
LCB;‘;? (t) 2 max (0, 7y ;(t) — Rad;  (£,6;)) ,

where 7, ;(¢) is the empirical mean and Rad, j, (¢, d;) is as
in Equation (2) with §; above. Each player’s confidence
bounds are as before, except using the new §; above.

Having defined the confidence intervals, we now determine
the minimum number of samples required to ensure that
the confidence intervals of each arm, and also those of each
player, become disjoint, which is essential for correctly iden-
tifying the optimal arms. To this end, we define a dynamic
sample separation threshold L(t) as:

48logt
L(t)é{Az W 1,

min

6)

where A, is the global minimum utility gap. We em-
phasize that A ,;, is used here to simplify the theoretical
exposition; it is neither leveraged for player synchronization
nor for detecting structural market changes. The algorithm
can be naturally extended to operate purely on localized
information. We refer the reader to Appendix F for such
a decoupled variant, where a player-arm specific thresh-
old L; () is used.

For the players, our Way-SE-2S algorithm (Algorithm 3)
operates in three sequential phases in each time step: State
Update, Target Arm Selection, and Execution and Conflict
Handling, with the core procedures of each phase defined in

Algorithm 3 Way-SE-2S (from the view of player p;)

1: Input: Arm set K = {ak}sz_Ol, parameters Apin, dg.

2: Global Variables: Time step ¢ <— 1, waiting counter
Cwait — 0, S; «— K, O; «+ 0, M; < EXPLORE,
timer «— K2, apaq — L, ptr; + 0.

3: Global Variables: ji; < 0, N; j, + 0, UCB; j, < 1,
LCB;, + 0,Vk € {0,...,K —1}.

4: whilet < 7T do

5:  // Phase I: State Update

6:  (Pi, L(t)) < STATEUPDATE(KC, Amin, dg); /Alg. 4

7: timer + max(0, timer — 1);

8 if M; = EXPLORE A timer = 0 then

9 M; < EXPLOIT; Cyait < 0;

10: Gheld <— argmaxg, cs, UCB; 1;

11:  elseif M; = EXPLOIT A apeq ¢ P; then

12: M; < EXPLORE; timer < L(t); cyait < 0;
13: Qheld < L

14:  endif

15:  // Phase 2: Target Arm Selection

16:  (Target,IsPing) < SELECT(K,P;);

17:  // Phase 3: Execution & Conflict Handling
18:  Pull Target; Observe X;(t);

19:  if X;(¢) > 0 then

/IAlg. 5

20: Update ﬂi,Target; Ni,Ta'r‘get — Ni,Target + 1;
Cwait < 0;

21: if s Ping then

22: aheld < Target; //Ping success

23: end if

24: if (M; = EXPLORE) A (|P;| = 1) A(N; Target >
L(t)) then

25: aneld < Target; M; < EXPLOIT;// Stabilize

26: end if

27:  else

28: CoNFLICT(Target, IsPing, L(t), K). //Alg. 6

29:  end if

300 t<+t+1;
31: end while

Algorithms 4, 5, and 6, respectively. See Appendix D.1 for
a flow diagram. Variables shared across all procedures are
declared as global variables, while other variables are local.
In particular, each player p; computes four arm sets, which
are updated during the algorithm:

¢ Candidate Set S;: Arms believed to be available, ini-
tialized as K.

» Potential Set P;: Arms that cannot yet be statistically
ruled out as optimal, defined as P; = {a, € S; |
UCBi’k Z maxa]. €S; LCBZJ}

¢ Omitted Set O;: Arms temporarily eliminated due to
conflict.

e Dream Set D;: Arms in S; U O; that are possibly better
than current held arm apelq.
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Algorithm 4 STATEUPDATE

1: Input: Arm set IC, parameters Ay, 6.

nated options and escape from outdated beliefs about match-
ing arms. Notably, multiplying p(¢) by any constant factor
¢ > 0 (such that p(t) < 1) preserves the same asymptotic
regret bound. A detailed analysis of p(¢)’s alternative forms
is provided in Appendix C.

Algorithm 5 SELECT

2: Global Input: Candidate set S;, current time ¢.
3 0y ¢ s L(t) = [x23- logt] + 1;

4: for a; € K do

5:  if N;; > 0 then

6 Rady  §y [y (1 +2log <K\/16+N"))
7: UCBZ"k — min(l, ﬂi,k + Radi’k);

8: LCB;  + maX(O, fi g — Rade);

9: else

10: UCB; , < 1;LCB; ; < 0;

11:  endif

12: end for

13: LCBax ¢ maxjes, LCB; j;

P+ {ak eS; | UCB; ;, > LCBmaX};
: Return P;, L(t).

State Update. This phase is governed by two key vari-
ables: a sample threshold L(t) and a timer. In each time
step, the player first invokes STATEUPDATE to refresh the
confidence bounds and construct the potential arm set P;,
and subsequently decreases the timer. If the player is cur-
rently in the exploration state (/; = EXPLORE) and the
timer reaches zero, the player transits to the exploitation
state and holds onto the empirically best arm apeq. On the
other hand, if a player in the exploitation state finds that its
held arm a4 has dropped out of the potential set P; due to
statistical updates, it reverts to the exploration state, resets
the timer timer = L(t) and releases apelq-

Target Arm Selection. In this phase, player p; determines
a target arm T'arget by executing SELECT (Algorithm 5).
When p; is in the exploration state with the waiting counter
cwait = 0, the player updates its pointer ptr; to cyclically
pull arms within P; (Line 4-6).

Conversely, if the player is in the exploitation state, the
procedure first constructs the dream set D;. Under nor-
mal conditions, the player maintains its current position by
targeting apelq With IsPing < False. However, to han-
dle unobserved departures and prevent players from being
trapped in a suboptimal stable matching, the player devi-
ates to initiate a Restless Ping mechanism with a dynamic
probability p(t), defined as:

0= 1
p(t) = 11/K (log 1) (K —2)/K

@)

Specifically, this mechanism selects a random arm from D;
as the target and reactivates it from the omitted set O; to the
candidate set S; (Lines 13—17).

This design allows players to re-evaluate previously elimi-

s

1: Input: Arm set XC, Potential Set P;.
2: Global Input: S;, O;, anea, t, Ptri, Cwait, M;
UCB; k.

3: if M; = EXPLORE then

4: if (cwait = 0) V (aptr; ¢ P;i) then

5 d Hlln{d >1 | Q(ptr;+d) (mod K) € Pi};
6: ptr; < (ptr; + d*) (mod K); cyair + 0;
7.  endif

8:  Return (a,,,, False).

9: else

10: /7 1. Construct Dream Set (Potential Upgrades)

11: D+ {ap € (S; UO)

UCBLk > UCBi,ﬂheld};

12:  // 2. Probabilistic Trigger for Restless Ping

13: p(t) W;

14:  if D; # O ARand(14(0,1)) < p(t) then

15: Target < RandomSample(D;);

16: Si «+ Si U{Target}; O; < O; \ {Target};

17: Return (Target, True). // Tnitiate Ping
18:  endif

19:  Return (apeyq, False).

20: end if

Execution and Conflict Handling. In this phase,
player p; proposes to the T'arget arm and observes whether
the proposal is accepted, as well as the utility X ().

If accepted (i.e., X;(t) > 0), the player updates its empirical
information for this arm and resets the waiting counter c,,q¢
(Line 20 in Algorithm 3). Furthermore, if this accepted
proposal was initiated via the Restless Ping mechanism
(which can only happen when it is in exploitation), the player
updates its current held position to this newly activated arm
by setting apelq <— T'arget (and it remains in exploitation).
When the player is in the exploration state, SELECT ensures
that T'arget is from P;. If it is the only arm in the latter,
and if the number of samples for T'arget is large enough,
player p; holds onto this unique arm by setting anelg <
Target and transits to exploitation (Lines 24-26).

If the proposal is not accepted by the target arm, a conflict
has occurred and player p; invokes CONFLICT (Algorithm 6)
to handle it. First, the waiting counter c,,q;; is incremented.
Then, depending on the current state and the type of the
target arm, CONFLICT executes the following update rules:

« If the rejected target was selected via the Restless Ping
mechanism (under exploitation), the conflict indicates
that the previously omitted arm remains unavailable.
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Consequently, the player releases its currently held
arm aperq, clears the counter c,,4;¢, and returns to the
exploration state with the timer reset to L(t).

« If the player is in the exploitation state (but did not
trigger Restless Ping), then the rejected proposal was
to the currently held arm ayelq, and the player will wait
for at most K time steps. Once ¢4+ > K, a persistent
blocking by a player currently more preferred by the
arm is confirmed. In this case, apelq is removed from
the candidate set S; and moved to the omitted set O;.
The player then releases anelg and returns to exploration
with timer < L(t). In addition, the candidate set S;
is reset if it becomes empty.

* Finally, if a rejection occurs while the player is in the
exploration state, the counter c,,,;+ continues to incre-
ment. The player waits at this position for at most /&
time steps. Once c,q;¢ > K, it is reset to 0. This reset
ensures that in the next time step, SELECT successfully
advances the cyclic pointer to sample alternative arms.

Algorithm 6 CONFLICT

1: Input: Target, IsPing, L(t), arm set K.
2: Global Input: SIL', Oi, Qhelds Cwaits Mj,, timer.
3! Cwait ¢ Cwait +1;
4: if IsPing then
5: Qheld < L; Cwait < 0; M; < EXPLORE;
6:  timer < L(t); // Ping failed: Reset
7: else if M; = EXPLOIT A Cyait > K then
8 S+ Si\{anea}; Oi < O; U{ahed};
9:  aped < L; M; < EXPLORE; timer < L(t);
10: if S; = 0 then
11: S — K;0; + 0 /I Candidate Reset
12:  endif
13: else if M; = EXPLORE A Cyqit > K then
14: Cwait < 0;
15: end if
5.2. Regret Analysis

Theorem 5.1. Following Algorithm 3, the expected cumula-
tive regret for any player p; satisfies

KTl—l/K(log T)Q/K
A? )

min

E[R;(T)] < O( (3

The complete proof of Theorem 5.1 is in Appendix B. In-
tuitively, we condition the analysis on the high-probability
event that the time-uniform confidence bounds hold on both
the player side and the arm side. Under this event, the
cumulative regret is decomposed into the following three
components. (1) Statistical learning regret, incurred while
learning the preferences of players and arms. (2) POSM-
reaching regret, which measures the utility loss before the
market first reaches POSM after the population stabilizes.

And (3) restless exploration regret, induced by the Restless
Ping mechanism, which is the most difficult to analyze and
ultimately determines the upper-bound in the theorem.

6. Simulation

We empirically validate the guarantees of our algorithms:
Way-SE under player arrivals, whereas Way-SE-2S under
both player arrivals and departures.

6.1. Experimental Setup

Simulations are conducted for T € {2 x 10°,2.5 x 10°}
steps with sub-Gaussian utilities with variance 02 = 0.5.
During the experiment, the Restless Ping rate p(t) is scaled
by a constant ¢ = 0.1 by Appendix C. The means of agent
utilities are mostly generated by sampling uniformly from
[0.1,0.4]. In addition, to simulate preferred matches with
high-utility partners, for each agent (player or arm, when-
ever applicable), the means of two randomly selected agents
from the other side are uniformly drawn from [0.6, 0.8] and
[0.8,0.95], respectively. Meanwhile, a minimum utility gap
of Apnin = 0.01 is maintained in the main body of the paper.

6.2. Way-SE: Logarithmic Regret

We evaluate the Way-SE algorithm in a dynamic market
initialized with 15 arms and 6 players at time 1. New players
arrive at time ¢ € {20k, 60k, 80k, 100k, 150k} (where k =
103) to simulate a dynamic player arrival.

As shown in Figure 1, the cumulative regret (blue line)
closely tracks the O(log T") benchmark (red line), validat-
ing the upper-bound in Theorem 4.1. Specifically, despite
the disruptions caused by new player arrivals (the vertical
green dashed lines), the system exhibits strong resilience by
rapidly reconverging to the new POSM after a brief, tem-
porary increase in regret. Appendix E.I in addition demon-
strates the instantaneous regret, which increases upon player
arrivals and quickly goes back to 0 compared with POSM.

x103

= Logarithmic Benchmark
=— Way-SE

IS

Cumulative Regret

N}

0
0 1 2 3 4 5 6 7 8 9 1011 12 13 14 15 16 17 18 19 20

Time Step (t) 10¢
x

Figure 1. Way-SE: The cumulative regret tracks the O(logT)
benchmark under one-sided learning with 15 arms.
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Figure 2. Way-SE-2S: The cumulative regret across three scenarios with K = 15, in comparison with two baseline algorithms.

6.3. Way-SE-2S: Sublinear Regret

We first evaluate the Way-SE-2S algorithm in a dynamic
market initialized with 15 arms and 3 players at time 1. We
consider 3 scenarios:

1. A new player enters at ¢ = 50k and a different player
exits at ¢ = 100k: a setting with a large time gap
between arrival and departure events.

2. Three player entries at ¢ € {45k, 50k, 55k}, followed
by a different player’s departure at ¢ = 60k: a setting
with fast events before the system converges.

3. Player entries at ¢t € {10k, 20k, 100k} and different
player exits at ¢ € {45k, 50k, 120k}: a volatile market
with intervening entries and exits.

In each scenario, our algorithm is compared with two static
baseline algorithms: RR-ETC (Zhang & Fang, 2024) and
Epoch-based CA-ETC (Pagare & Ghosh, 2023).

Figure 2 demonstrates that for all scenarios, our algorithm
achieves sublinear cumulative regret, significantly outper-
forming baseline algorithms. Furthermore, the results show
that our algorithm adapts to both player arrivals and de-
partures (blue dashed lines): in each scenario, the system
converges to the newly established POSM following the
events. In contrast, even though the baseline algorithms
initially converge faster prior to a population change, the
uncoordinated arrivals breaks the synchronization and the
departures shifts the POSM. As a result, the systems become
permanently trapped in suboptimal matchings, causing their
cumulative regrets to diverge. Appendix E.2 further shows
the instantaneous regrets for the three scenarios.

Scalability and Sensitivity Simulation. To evaluate the
robustness of Way-SE-2S in macroscopic environments, Ap-
pendix E.4 considers larger market sizes: (1) K = 100
and Nipie = 20, and (2) K = 200 and Ny = 30.
Dynamic entries and exits are modeled via Poisson pro-
cesses to generate volatile events, and multiple arrivals or
departures may occur simultaneously. For each market

size, we investigate parameter sensitivity by considering
Amin € {0.0005,0.001,0.002}. The empirical results ro-
bustly corroborate our theoretical analysis, sustaining sub-
linear regret growth even in volatile dynamic settings.

7. Conclusion and Future Directions

This work addresses the critical challenge of arbitrary ar-
rival and departure sequences in decentralized matching
markets. We introduce Way-SE, the first algorithm for one-
sided learning under dynamic arrivals. Using the new Index-
Free Cyclic Exploration technique, the proposed algorithm
achieves self-organized coordination without relying on a
global clock. It achieves a logarithmic regret, approaching
the lower-bound for static markets (Sankararaman et al.,
2021). More importantly, for the general two-sided learning
setting involving both arrival and departure dynamics, we
propose the Way-SE-2S algorithm, which leverages the new
Restless Ping mechanism to handle arbitrary departures and
achieves the first sublinear regret in this hard setting.

Future Directions. Firstly, we conjecture that the 70—/ K
dependence in the general two-sided setting is actually al-
most tight, and an answer to this conjecture in either direc-
tion will be very interesting. Secondly, it would be nice to
collect real-world data in dynamic environments and con-
duct data-driven studies under our model. Several possible
extensions to our model are also interesting, such as to incor-
porate incentive compatibility for individual behaviors be-
yond regret-minimization. Also, it is worth studying how to
move beyond the fixed stable time T,pje, When arrivals and
departures occur in a decelerating way but continue forever.
While our current algorithm remains applicable when the
deceleration speed exceeds the convergence speed, any out-
paced scenario will require new algorithms with accelerated
convergence. Finally, extending the current framework to
simultaneously accommodate reward non-stationarity (e.g.,
drifting preferences) alongside population dynamics is an-
other practical consideration for real-world environments.
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A. Proof of Theorem 4.1

To establish the regret guarantees of Way-SE algorithm, we first characterize the statistical properties of the utility noise,
which form the foundation for constructing confidence intervals and analyzing the algorithm’s performance.

Sub-Gaussianity Noise. Let F;_; denote the o-algebra generated by the interaction history up to the beginning of round
t. This represents the filtration of the stochastic process. For each player p; and time step ¢, we define the noise term as
ni(t) & X;(t) — M3, A, (+)- This term captures the instantaneous deviation of the observed utility from its expected value given
the chosen arm. The following lemma establishes that {n;(¢) };>1 forms a sub-Gaussian martingale difference sequence,
which allows for the application of concentration inequalities.

Lemma A.1. For any player p; and time step t, the noise sequence {n;(t) }+>1 is a conditionally %-sub-Gaussian martingale
difference sequence with respect to the filtration {Fy_1}i>1. That is, for all A € R,

ElexpOni(0) | Fit] < e ().

Proof. To prove the lemma, we must verify that the sequence has a zero conditional mean and its moment generating
function is bounded. By definition, the expected utility of arm A;(t) is p; a,+) = E[X;(t) | Fe—1]. as utility X;(2) is
independent generated. Therefore, the conditional expectation of the noise term is:

E[n:i(t) | Fi-1] = E[X;(t) — pi,a,0) | Fe-1] = 0.

Thus, {n;(t) }+>1 is a martingale difference sequence with respect to {F;_1 };>1.

Meanwhile, since the observed utilities are bounded such that X;(¢) € [0, 1], the noise term 7;(¢) is bounded within the
interval [—p;, Au(t)s 1 — Ai(t)]. Hoeffding’s Lemma (Lattimore & Szepesvari, 2020) states that for any zero-mean random

b—a

variable Z bounded in an interval [a, b], the moment generating function satisfies E[e*?] < exp(w). Applying this to

n:(), we have:
E [exp(Mi(t)) | Fia] < exp (”8”> ~exp (AS) |

This confirms that the noise sequence is conditionally %—sub—Gaussian. O

With the established sub-Gaussian property, we now construct confidence intervals for the true utilities and analyze their
validity. To this end, we define the Good Event, which captures the scenario where all confidence intervals simultaneously
contain their corresponding true utilities.

Definition A.2 (Good Event). For each time step ¢ € [1,T], we define the Good Event at time ¢ as:
gt é {sz S -/\[tvvak S IC, ‘,ui,k - ﬂl,k(t” S Radi,k(ta 5t)}7

where Rad; 1,(t) denotes the confidence radius for player-arm pair (4, k) at time ¢. The global Good Event is defined as the
intersection over all time steps, that is, G := ﬂfi 1 G

Under the event G, all confidence intervals are valid simultaneously, meaning y; , € [LCB; (t), UCB, x(¢)] for all player-
arm pairs (7, k). The complementary event —G; is referred to as the Bad Event at time ¢, which occurs when at least one
confidence bound fails.

The following lemma establishes that the Good Event holds with high probability, which is crucial for the regret analysis.
Lemma A.3. For any time step t € N, the probability of the Bad Event is bounded by:

65,

w22’

P(=G:) <

Proof. We analyze the probability of the Bad Event by applying the Union Bound over the set of players and arms. Based on
the construction of Rad; (¢, d,) derived from standard concentration inequalities (e.g., Hoeffding-Azuma or self-normalized

12
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bounds (Abbasi-Yadkori et al., 2011)), the probability that the empirical mean deviates from the true mean by more than the
radius for a fixed pair (, k) is bounded by d;:

60,

P(‘ﬂi’k(t) — ,ui’k| > Radak(tﬁt)) < 6,5 = W

The Bad Event —G; occurs if this deviation inequality holds for any active player p; € N; or any arm ay, € K. We express
this as a union of failure events:

ﬁgt: U U {|ﬂi,k(t)

pi €Ny arek

i,k(ta (515)} .

Applying the Union Bound yields:

P(=G;) < Z Z ([ i 1 ( — Wi, x| > Rad; (¢, ;) Z Z 6 = |Ni| - ﬂziigtz'

pi €Ny ar€X pi €Ny ar €K

Since the number of active players |N;| is bounded by the total number of arms K, we conclude:

60,

w22

P(=G;) <
This completes the proof. O

Having established the validity of confidence intervals, we now determine the minimum number of samples required to
ensure that the confidence intervals of different arms become disjoint, which is essential for correctly identifying the optimal
arms. To this end, we define a dynamic sample separation threshold L(¢) as

v 2 | |+ ®

min

where AP . is the global minimum player-side utility gap.

The following lemma guarantees that once the number of samples for candidate arms exceeds this threshold, their confidence
intervals become disjoint, thereby enabling the correct ranking of arms.
Lemma A.4. Under global Good Event G, for any time t > max{ ~x (Ap )2, (Ap 2 log (AP B +3, = 3652 } any player

min min

pi € N and the best arm ay~ € S;(t) can be disjoint with other arms ay, € S;(t) \ {ax+} or be eliminated within
K2Cp/t + 1K*C} + K*C} + 1 rounds, where Cy, = ﬁ.

Proof. The set of available arms S;(¢) is dynamic. Whenever an arm is eliminated whether due to K consecutive rejections
during the EXPLOIT state or the EXPLORE state, the set S;(¢) shrinks immediately.

Consequently, the identity of the best arm in S;(¢) changes instantaneously. Let ¢44,+ be the moment player p; is forced
into the EXPLORE state (due to the removal of the previous incumbent). At this exact moment ¢4, a new optimal arm is
defined:
QR+ = ar max i ko
& ar€Si(tstart) H,
The player immediately begins the exploration process for this new optimal arm a+. The sampling rate in EXPLORE state is
constrained by two independent factors.

1. Player p; explores the arm set C via a cyclic strategy with random start, targeting aj, € S; with frequency at least 1/ K.

2. Upon proposing to ay, player p; may compete with up to K — 1 other players in EXPLORE state. For the arms that are
eliminated during the exploration, we wait at most K steps; for the other arms, we wait at most K — 1 steps. Therefore,
for each target arm in the exploration phase, we sample with frequency at least 1/K in each round.

13
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Combining these factors, the worst-case sampling rate is 7 = % . % = % The EXPLORE state phase for ay~ terminates in

one of two ways:

1. Identification: ay- is statistically distinguished from suboptimal arms ay, € S;(¢) \ {ax} and enters in EXPLOIT state
at most at time ¢’, defined and bounded below.

2. Elimination: ay- is rejected K times. Because it didn’t have time to enter the EXPLOIT state phase, the time cost is
strictly bounded by the maximum identification time ¢’ — ¢.

We set Tj as the solution of the following equation, which can also be seen as a function of ¢.

48log(t + To)

To= K*(34+ —=———2).

’ ( * (Afnin)2 )

Then we have Ty, < K2Cplog(t + To) < K2Cpvt+ Ty, where Cp, = (A;‘i?)z. Therefore, (Ty — 3K*C3)? <

K'Cit+ 1 K3C,

[ 1 1
[To] < K2Cpq/t+ ZK40% + 51(40% + 1.

Next we will prove that the EXPLORE state phase will terminate at most at time [T ] + ¢. To simplify the notation, we denote

t' =1t+ [To]. Since t > %, fM)y =% -8+ 48(2%7@) is increasing for all T' > 0. We have for all aj, € S;(t),

o I | [48legt'] . [To]  48los(t)
wtt) 20> | ot | - [ it | 1> T - g -
— F(To)) > (1) = 2 ABlsUA To) 5

K (Afnin)2
f(O) <0= f(To), N¢J [T0-| > 1.

Based on the above condition, we further prove that V; ;(¢') > L(¢') is a sufficient condition for these intervals to be
disjoint before ¢’. Consider two arms ay«, ay € S;(t) with a true mean gap A > AP . Under the global Good Event G,
the true means lie within their respective confidence intervals [ji — Rad, /i 4+ Rad].

Since the function Rad, 5 (¢') is decreasing in N; 1 (t'), and N; 1 (t') > L(t’), we have

1+ L(t) K\/1+ L(t')
Rad; . (¢ Rad; 1 (t') < ,| ———==2 [ 1 + 21 _—
ad; - (t') + Rad; p/ (t') < L(t')2 < + 2log ( 5y

w2 K3

< \/L(Qt’) <1 + 2log( o, )+ 4log(t’) + log(1 +L(t’))).

Given t' > t > max{ (N?G 7 log (A3§ 7 + 3, egégg“ },wehavet’ > 1+ L(¢') and logt’ > 1+ 210g(”;§(3). Therefore,

min

12log t/
L(t/) < Afnin’

2Rad; i~ (t') 4+ 2Rad; 4 (t') < 2

the sum of the two confidence interval lengths is strictly less than the reward gap, two arms are disjoint.

Thus, we ensure that the separation condition is met with high probability.

Now we begin proving that the algorithm will eventually converge to POSM. We characterize an important property of
POSM with the following lemma.

14



Decentralized Bandits without Global Clock for Dynamic Matching Market

Lemma A.5. In a POSM, for any k # mj (i) such that ji; ;. > f1; = (i), there must exists another player py/, k = mj (')
and Th,i’ > Tk -

Proof. Assume a,» ;) is the arm matched to player p; in the unique POSM. For any super-optimal arm aj, such that p;
strictly prefers aj to A (i) (i.e., ap =p, Az (1)) suppose for contradiction that ay, is either unmatched or matched to some
player p;s with p; >, p;-. Then (p;, ax) forms a blocking pair, contradicting the stability of the POSM. Hence aj, must be
occupied by an incumbent p;; who satisfies p;; >q, D;. L]

We establish the convergence of Way-SE by proving that infeasible super-optimal arms are eventually eliminated, and the
arm in POSM is never erroneously eliminated.

Lemma A.6. Under the Good Event G, for any player p; targeting arm ay, over a K -step waiting window, the event that
Cwait Teaches K occurs if and only if, throughout that window, ay, is continuously occupied by exploit-state incumbents who
all have higher priority than p; with respect to ay,.

Proof. Let t( be the time step when p; initiates the waiting algorithm for arm ay. The event ¢4, = K implies that ay
rejection p; for all ¢t € [tg,to + K — 1].

Sufficiency (<=): Assume arm ay is initially occupied by a stable incumbent p; (p; >4, p;). In the only enter setting, while
p; may be displaced by a new entrant py,c.,, the stability condition requires ppew >a, Pj. By transitivity (Dnew =a, Pj >ay
p;), the new incumbent is also superior to p;. Since stable incumbents in the exploit state do not voluntarily abandon their
optimal arms, arm aj, remains continuously occupied by a chain of superior players throughout the interval. Consequently,
p; receives rejection at every step ¢ € [to, tg + K — 1], inevitably leading to cyqit = K.

Necessity (=): We prove this by contradiction: if arm ay, is not continuously occupied by superior exploit-state incumbents
during [to,to + K — 1], then player p; must successfully propose at least once in this window. Suppose no stable incumbent
exists. Then any rejection at time ¢t € [to,to + K — 1] comes from a transient competitor p; € A; who is in the
exploration state. According to the cyclic exploration algorithm, any transient winner p; advances their pointer after success:
ptrj(t + 1) = (ptr;(t) + 1) (mod K). For p; to block arm ay, again, they must traverse the full cycle of length K. Thus,
any specific player can win arm aj, at most once within a window of K steps. Let P; be the set of distinct winners during the
interval [to, to + K — 1]. The size of the competitor pool is bounded by [Ny \ {p;}| < K — 1 for all ¢’. By the pigeonhole
principle, it is impossible for K — 1 potential competitors to generate K distinct wins in consecutive steps. This contradicts
the assumption that c,,q;; reached K. O

This result ensures that the elimination acts as a precise discriminator for the presence of a superior stable incumbent.
Therefore, let N7, ,,. denote the final set of active players after the global stable time Titaple, and m* be the POSM for the
final set of active players. We have the following theorem.

Theorem A.7. There exist a finite convergence round number T,,,, such that When t > Tsiqpie + Teon, all players enter
the EXPLOIT state targeting the POSM arm a,,- (;y, with probability at least 1 — §,,.

Proof. The proof relies on the fact that under the Good Event G, the estimated confidence intervals validly bound the correct
means. We analyze the evolution of S; relative to the final stable state defined by N,

table *

Completeness: we first show that a,,,-(;) is never eliminated, even during the transient phase ¢ < Tggable. In the only entering
setting, the set of active competitors grows monotonically (V; C Nz, ..). By definition, a5y 18 the stable match for p;
against the full competition 7., . This implies a,,- ;) is not blocked by any superior player p; € Nr,,,,,. (otherwise
p; could not be stably matched to a,,~(;)). Since the set of potential blockers at any time ¢ is a subset of N7, ., G+ (i)
remains strictly unblocked by a superior player for all ¢t. Applying Lemma A.6, the timeout condition is never triggered for
A (7)- Thus, ap,«(;) is permanently retained in S;.

Soundness: consider any arm aj, such that ag >, @y, (;). By Lemma A.5, within the final population N7,,,,., arm ay is
strictly blocked by a exploiting player p; (p; > p;). Under global Good Event G, Lemma A.4 guarantees that player p; will
eventually learn the true values and enter the EXPLOIT state on arm ag. Then, applying Lemma A.6, the persistent presence
of p; guarantees that p;’s waiting counter c,q;; reaches K. Thus, p; correctly identifies ay, as infeasible and eliminates it
from S;.
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Consider the system state at £ > T4pb1e. Based on the Soundness argument, all super-optimal arms are eliminated in turn.
Based on the Completeness argument, a,y,-(; is retained. Thus, the available set S;(t) converges such that a,,,- ;) becomes
the unique optimal arm:
Apox(;) = Arg MaxX [l q.
m* (i) g €S: (1) Hia
By inductively using Lemma A.4, the total number of rounds after T,y for player p; to accumulate sufficient samples
such that the confidence intervals for m* (i) become disjoint from any remaining suboptimal arms can be bounded by a
constant related to T's;qp7.. The algorithm satisfies the condition to enter the EXPLOIT state targeting A (4) - Therefore, by
the recursion function theory (Cutland, 1980), there exist a finite round number 7, such that for any ¢ > Tsiaple + Teons
with at least 1 — d, probability that the Good Event happened, all players converge to POSM. O

We consider regret under good and bad events, respectively.

Lemma A.8. The total expected regret R £ Zthl E[r¢1ge] incurred due to Bad Event =G is bounded by R < §,,.

Proof. By Lemma A.3 and the convergence of the Riemann zeta function ¢(2) = >~ t% %2, we have

d L. 65
P(=G) < Zp(ﬁgf/) < Z WTtHQ < dg-
=1 =1

Since the maximum regret incurred at any single step is bounded by 1,

T

T
Rpaa = ZE[Ttlgf] < Z]P)(gf) < dy-
t=1

t=1

O

Combining the auxiliary results. We now prove Theorem 4.1 by assembling the guarantees above. Lemma A.3 and
Lemma A.8 control the regret from confidence failures. Under the Good Event, Lemma A.4 bounds the cost of learning
enough samples to separate feasible arms, while Lemma A.5, Lemma A.6, and Theorem A.7 show that infeasible super-
optimal arms are eliminated and the process converges to the POSM. Thus it remains to bound the learning regret and the
residual elimination regret.

Proof. We decompose the total regret into two components: the learning regret R'**™™_ which is incurred while statistically
distinguishing suboptimal arms, and the residual regret R%¢*, which is incurred during the elimination process for infeasible
arms. By the process of the algorithm, it has:

Ri (T) _ RLearn + RRes.

From Lemma A.4, we know that to distinguish a suboptimal arm a, from the optimal arm ag~, the algorithm requires at
most L([To(t)]) < L(T) samples. Let Cp, = (Agﬁ, the explicit bound is:

L(T) < CprlogT.
We use AP . here rather than the player’s gap A; because the waiting time of p; is not determined only by its own statistical
difficulty. Even if p; can rank its arms quickly, an arm relevant to p; may still be temporarily occupied by a stronger player
whose own learning problem is harder. Such transient blocking slows down the effective samples collected by p;. The

uniform threshold based on A? . = min; A; gives a single horizon that safely covers both p;’s own learning and the
slowest possible blocker.

Due to the Index-Free Cyclic Exploration algorithm, player p; does not sample arms arbitrarily but follows a fixed cyclic
order. In the worst-case scenario, obtaining one effective sample from arm aj, requires traversing the entire cycle of length
K. Thus, the system time Tpenq (k) required to accumulate L(7") samples is dilated by a factor of K, bounded by:

Tspend(k) <K- L(T) = KCL log T.
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Meanwhile, the player must statistically identify and prune all suboptimal arms ay, € S; \ {@y,+(;)}. The regret accumulated
from arm ay, is the product of its utility gap A; j and the time spent evaluating it Tpenq (k). Summing over all suboptimal
arms:

Rleam _ Z Ay Tspend(k) < Z Tspend<k7) < KQCL logT. (10)
k= (1) kam= iy

The component RR incurred when player p; attempts to access an arm ay, occupied by a superior stable incumbent. The
upper bound for this cost is derived based on the following logic:

* Due to the monotonicity of the active player set process N; in this setting, player p; eliminates at most K — 1 arms
throughout the horizon.
» Each elimination is triggered after /' consecutive rejections.

* During these K waiting periods per elimination, the player receives zero reward. Consequently, the instantaneous
regret is bounded by the expected reward of the optimal arm, i.e., ftiq,,. ;) < 1.

* By Theorem A.7, under good event, after at most KX number of elimination, the system converges to POSM.

By aggregating these factors, the total structural cost RR® is bounded by the product of the maximum eliminations, the
rejection threshold, and the maximal instantaneous regret:
R < K- K - flia,., <K (11)

Combining Eq. (10) and Eq. (11) and Lemma A8, the total expected regret for player p; is upper bounded by:

Learn Res bad 2 2 K? logT’
E[R;(T)] < P(G) [R*™ + R**] + R™ < K*ClogT + K>+ 6, =0 T
Thus Theorem 4.1 holds. O

B. Proof of Theorem 5.1

B.1. Learning Convergence Analysis

In this section, after Ti;aple is reached, we analyze the time horizon at which every player in A7, ., has accumulated
enough samples to distinguish all arms. We call this state cognitive stabilization and define its time as the last time at which
some such player-arm pair remains under-sampled:

Tcog £ sup{t eN | Elpi S NTstable’ day € IC, Niyk(t) < L(t)}

Because the sample counts N; 5 () are generated by the algorithm’s randomized exploration process, Ty, is treated as a
random variable throughout the analysis. Time is counted from Ty;ap10, and the player set is fixed as M, .. In applying
the sampling lower bound below, we use it only for player-arm comparisons that are decision-relevant under Algorithm 3.
Accordingly, subsequent uses of “for any/every player-arm pair” in the sampling and cognitive-stabilization arguments are
understood in this decision-relevant sense; this is only a proof convention and does not modify the algorithm.

We further show that, under these conditions, the system converges to POSM as the algorithm continues to run. To begin
with, we introduce a classical inequality that will be used in the following proofs.

Definition B.1 (Two-Sided Good Event). Set §; = %, where §; is the two-sided failure budget for a single preference
estimate; that is, the absolute-value confidence failure of one player-side or arm-side estimate is at most d;. We define the

player-side Good Event at time ¢, denoted as gt(p ), and the arm-side Good Event ng“) as follows:

gt(p) = {Vpi, Yar, | ik — fik(t)| < Rad (N i (t),04)},
(@)= {Var, Vpi, |Ths — 70.i ()] < Rad (Nix(t),61)} .

)
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The Good Event at time ¢ is G; := (p ) N Q(a), and the global Good Event G is defined as the intersection of these events
over the entire horizon: G := ﬂfi 1 gt Since there are at most 22 player-side and arm-side estimates at each time ¢, the
union bound gives

60, o
B(g) < 2K75, = 2, P(Q)SZ}P(%)<5

Under event G, the true utilities satisfy y; , € [LCB; x(t), UCB, 1 (¢)] (and symmetrically for arms) for all interaction steps.
Lemma B.2 (Inversion Inequality). For any constant Q > 3, if v > 2Q log Q, then the inequality @ > @ always holds.

Proof. Let f(x) = ;5. The first derivative is given by f'(z) = kffg“;;l. For z > e, f'(z) > 0, implying that f(z) is

strictly increasing. Given @ > 3, set g = 2Q log Q. Then g > 2 - 3log 3 > e, so f(z) is monotonically increasing for
all z > z¢. To prove the lemma, it suffices to verify the boundary condition f(zg) > Q. Substituting zg = 2Q log @), we

have:
Flzo) = 2QlogQ 2Qlog @
TQ)= log(2Qlog Q)  log2+log@ +loglog @
Dividing both numerator and denominator by log @) yields:

2

log 2+loglog @ °
T+ 70060

flzg)=Q-

For () > 3, the term logzlﬂw is strictly less than 1, which implies f(zg) > @. By the monotonicity of f(z), the
inequality 1 — > @ holds for all z > zq. O

We now establish a lower bound for the expected cumulative sample count A; ;(t) = Zj—:l E[X; x(T) | Fr—1] for any
player p; and arm ay,. This in turn enables us to prove that the actual number of samples N; 1 (t) exceeds %Ai,k (t) with high
probability.

Throughout the subsequent analysis, the time-dependent sample separation threshold is

48logt
L(t) = [AQgWH, Cp e .

min

In what follows, we abuse notation slightly and write L(t) = C, logt, since the ceiling and max in the definition only shift
L(t) by an additive constant, which is irrelevant for all asymptotic statements below. Whenever a player pings a particular
arm from its Dream Set D;(t), we use the lower bound 1/|D;(t)] > 1/K.

Lemma B.3 (Effective Sample Accumulation). The cumulative expected samples A; 1, (t) satisfy the following lower bounds:

1. When K =2, forallt > Ty = 8C?% [log(\/iCL)f"

(logt)™ 5 (fm2/K g1k

Meanwhile, with probability at least 1 — exp (— 55 A 1 (t)), the realized cumulative sample satisfies N; i (t) > $A; 1 (t).
Proof. Foreach € [1,t], let g; 1 (7) = E[X, 1 (7) | Fr—1] be the conditional success probability at time 7. We analyze the

lower-bound for A; x(t) using the Restless Ping rate p(7) = 7~ /% (log A
Case 1 (K = 2): When K = 2, the logarithmic exponent becomes % = 0. Therefore, the Restless Ping rate simplifies

exactly to p(7) = 77 /2(log 7)° = 77 /2. A success event is lower bounded by player p; Restless Ping the arm ay,, and
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the incumbent player yields arm ay, at least once within the contention window [7,7 + L(7)]. The probability that the
incumbent yields is:

T+L(T) T+L(T)
P = 1 — H (I1-p(s))>1—exp | — Z p(s)

By the definition of T, we have C, log 7 < /27 for all 7 > T5. This condition is used in two ways. First, it implies L(7) =
Cplogt < 7, hence 7 + L(7) < 27 and p(T + L(7)) > (27)~ /2. Second, it directly gives (Cy log7) - (27)"1/2 < 1.
Lower-bounding the sum by the minimum rate within the window gives

T+L(T)

Y p(s) = L(r)-p(r+ L(r)) = (CrlogT) - (21)7"/2.

S=T

Since this quantity lies in [0, 1], we apply 1 — e~* > x/2 (valid for = € [0, 1]) to obtain, for all 7 > T,
Cr
Picld > L 1200 7,
yield = 2\@ g

Combining this with the probability p(7)/K = 7~1/2/2 that player 4 pings arm a, the joint success probability is:

( ) T1/2 (C’L 12 > Cr logT
; * Pyietld > —5— - log7 | = —= :
e k( ) yield 2 2\[ &7 4\@ T

Integrating this probability over time ¢, we have for all ¢ > T5:

t o log x Cyr 2
Ai,k,(t)z/TZ N dx = Wi ((logt)® — (log T»)?) .

Case 2 (K > 2): The success sample probability g; 5 (7) is lower bounded by the joint event where player p; initiates a
Restless Ping to arm ay, the current player p; utilizes arm ay, to ping other arms at the same time, and no other player
proposes arm ag; since each other player proposes a; with probability at most p(7), this last event has probability at least
(1 — p(7))%~2. We have:

0i7) 2 B0 ()1~ p(r)) 2 = LK (ogr) 52 (1 /K tog 1)~ 57)

For 7 > 4 and K > 2, it holds that log 7 > 1, hence p( ) < 7K < 471K <1 —1/K. Thus, the interference term
is strictly lower-bounded by a constant: (1 — p(7))%=2 > (1/K)%~2 = K~(K=2)_ Substituting this into the integral to
compute the expected cumulative samples:

2(K—2)

¢ t
Ai,k(t)Z/ qi,k(T)dTZK—(K—U/ 72K (log 1)~ 252 7.
4 4

. - 2K-2) . . . .
Since the logarithmic penalty term (log7)~~ & is monotonically decreasing for 7 > 4, we can extract it at the upper
limit 7 = ¢ to obtain a strict closed-form lower bound:

¢
AL;C(t)ZK_(K_l)(logt) « 2)/ 2K qr
4

—(K-1) 2(K 2) K K-2 ¢
=K (logt)™ racih
- 4
2-K
= i (log t) =5 (#172/K — q1=2/K)

Concentration of N; ;. (¢). Having established a lower bound on A, 5 (), we now prove a concentration lower bound for
N; ,(t). Let Z; (1) = X, 1(7) — ¢i,x(7) be the martingale difference sequence, where |Z; .(7)| < 1. The conditional
variance is bounded by V; (1) = Var(X; (1) | Fr—1) < ¢;,x(7). Hence, the total variance is bounded by the mean:
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> Vik(T) < A; i(t). Applying the lower-tail form of Freedman’s inequality with increment bound b = 1, variance proxy
v = A;x(t), and deviation level A = 2A; 4 (t):

: 1 a5
P (Z Zin(r) < —2Ai,k(t)> < exp <_2(v+b>\/3)>

<_ (Air(t)/2)? )
2(Aqk(t) + A k(2)/6)

S

O

Since N; i (t) = A i(t) + 3 Z; (), this implies N; ,(t) > 1A; ;(t) with high probability. Therefore, to guarantee
enough realized samples, it remains to identify a deterministic time after which this high-probability lower bound already
exceeds the sample separation threshold L(t). The stochastic fluctuation has been controlled by the concentration bound
above, so the next step is the deterministic comparison between $A; ,(t) and L(t).

We use T4 to denote a deterministic sufficient crossing threshold. Its role is to mark a time after which the high-probability
sample lower bound dominates the sample separation threshold:

Tug = inf{to >4 | Vinteger t > to, 3A;(t) > L(t) }.
Lemma B.4. An explicit sufficient value of the deterministic sufficient crossing threshold is
exp (max{\@log Ty, 32\@}) ifK =2,

T(llg: K ~ ~ 3K—4 .
max{4-2Kf2, (2Qlog Q) K2 } ifK > 2,

G K7
where Ty = 8C?[log(v/2C))? and Q £ A (%) A

Proof. Case 1 (K = 2): Using the lower bound from Lemma B.3, the condition $A; x(t) > L(t) becomes:

L [80\/% ((logt)* — (log T2)2)] > Cplogt.

Since C'1, > 0, we divide both sides by C'r, log ¢ (assuming ¢ > 1):

2

(logt)? — (log T5)*
16v21logt

> 1.

A sufficient way to ensure this inequality is to require log ¢ > V2 log 15 and logt > 324/2. Thus, it is sufficient to take

THE=2 — exp (max{ﬁlog Ty, 32\/5}) .

alg

Case 2 (K > 2): Using the updated lower bound derived in Lemma B.3, we have
2-K

K -2

A k(t) >

(logt)_Z(KKﬁ) (t% — 4%) .

The crossing condition A; ,(t) > L(t) becomes:

1 K?>°K - _ _
5 K_Q(logt)_Q(KK 2 (th<2 —4%) > O logt.
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Rearranging the inequality to isolate the polynomial-logarithmic terms:

K—2 K—2 2CL(K —2 3K—4
K > %(logt) K

For t > 4 - 2K/(K=2) 'we can absorb the constant 4% by introducing a factor of 2. It is sufficient to require both

R > 2. 4%
and
2 s 7402(5{ — 2 (1og 1) 5
For the second condition, raising both sides to the power of - If_ 7 yields:
sR=a
t3Ka > <4C§{(£K 2)> ‘ log t.
Letu = t%, which implies log t = 35:24 log u. Substituting this into the inequality:

K
3K —4 (4CL(K —2)\ 351
u > ( L )> log u.

K-2 K2-K

K
Let Q = 35=4 (%{(}:2)) 7" Since 3£=2 > 3 for K > 2 and the second factor is at least 1, we have Q > 3. By

K-2 K-2

Lemma B.2, the inequality u > @ log u holds if u > 2Q log Q. Substituting back ¢ = %= , a sufficient threshold for the

second condition is:
3K—4
K—2

Talg = (2Q log Q)

Therefore, throughout the rest of the proof we may take

- exp (max{v2log T», 32v/2}) if K =2,
“9 ™) max {4 . 2%, (2@10g@)31§:24} if K > 2,

where 75 is the finite threshold used in the K = 2 part of Lemma B.3, and

Q=

3K — 4 [4CL(K —2)\ 7%
K—2 \_ KK '

O

Remark on T5,;,. The quantity 75, is used only as a sufficient analytical threshold in the proof. It is neither an input
to Algorithm 3 nor is it intended to predict the empirical convergence time. Its role is to make the previously asymptotic
crossing requirement explicit: for every integer ¢ > T , the deterministic lower bound on the realized sample count

satisfies )
EAi’k(t) > L(t) =(y, logt.
Thus the phrase “for sufficiently large ¢” in the proof can be understood through the displayed threshold above.

For K > 2, recall Q from the definition of 75, above. Substituting C'y, = A‘i—g into the definition of Q gives

- 3K—4
Q= K—-2

Therefore, for fixed K > 2 and small A,,;,, the sufficient threshold satisfies

RS 1\ *
Talg = O Amin (10g Amin> .

21
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When K is large and A, is fixed independently of K, the dominant factor is more transparent. In this regime,

) 1
log Q = (K = 2)1log K + Olog K)) = 5K log K + O(log K),

3K —4

and hence
Tuty = KETOW (log K)3.

Equivalently,
log Ty, = Klog K + O(K + log K loglog K).

Thus the dominant large- K factor is
K% = exp(K log K).

This large dependence should be interpreted as a proof-level artifact of the worst-case sample-accumulation lower bound,
rather than as an empirical convergence estimate. In particular, it traces back to the conservative interference bound

(1 —p(t)5—2 > K52,

used in Lemma B.3 to obtain a uniform lower bound on the effective sampling probability for every player-arm pair. The
resulting 75, is therefore deliberately conservative: it guarantees that the tail-sum argument in Theorem 1 starts after an
explicit finite time, but it is not meant to characterize the practical stabilization time. In simulations, the observed cognitive
stabilization occurs much earlier than this worst-case threshold.

For K = 2, the gap dependence enters through the auxiliary threshold 75 determined by C'f, logt < /2t. Substituting C, =

49/A2 . and choosing an explicit sufficient T} via the inversion inequality yields Té{;ﬁ) = O(A;ff (log ——)2v2).

min min

The K = 2 case involves no combinatorial growth in K.
Theorem B.5. The expected cognitive stabilization time satisfies the explicit bound
K215

ETCO STa +—alg,
Leog) < Tuts + 737, )

with the decay rate v £ %CL > 10.5.

Proof. Fix any pair (p;, a) with p; € Nr,,,.,. and aj, € K, and consider any t > Tp;,.

table

By definition of Ty;4, $A;x(t) > L(t). Since L(t) < 2A;(t), the event of insufficient samples is contained in the
large-deviation event:
{Nik(t) < L)} € {Ni(t) < 5004(1)}-

Applying the concentration inequality from Lemma B.3,

P(N: 1 (t) < L()) < exp (—238Ai}k(t)> < exp (—238(20L log t)) — exp (-134@ log t) .

Using the identity e €18 = ¢~ and the above definition v = %C’ 1, we obtain the polynomial decay bound
P(N;i(t) < L(t)) <t™.

Since T, is the last time at which any pair (p;, ax) with p; € N, . is under-sampled, the event {7, > t} means that
there exists some future time s > ¢, some player p; € Nr,,,,., and some arm a;, € K such that N; ;(s) < L(s). Since
INT,.0.| < K, a union bound and the continuous integral test give

K
P(Toog>1) <> > Y P(Ni(s) < L(s))

s>t piGNTstable k=1
00 K2
SK22377§K2/ a:f'ydxziltlfv.
s>t ¢ -
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The expectation of the cognitive stabilization time is then bounded by

E[Tcog] S Talg + Z P(TCOQ > t)

t>Tq1g
K? -
< Tug + P Z 1=
t>Talg
K? >
< Tag + / 2 dx
v—1 Talg
2T217’y
= Tal + ~d .
T (r=D(r-2)

Notice that this bound depends on the problem parameters, but not on the time horizon 7T'.

B.2. Structure Convergence Analysis

We restrict our analysis to the regime t > 1,4, a stage at which the cognitive learning process has stabilized, ensuring that
players separate arms with high probability. In this context, we aim to establish that the algorithm asymptotically converges
to POSM, denoted by m*.

We first formalize the intermediate stable matching states that the system may encounter.

Definition B.6 (Restricted Stable Matching). A matching m is defined as Restricted Stable if for all players p;, there exists
no blocking pair (p;, a) such that p; prefers ay, to their current match am(s) » ak prefers p; over its current occupant (the
player matched to ay under m), and ay € S;. That is, the matching is stable within the players’ current visibility scope.

If a matching is Restricted Stable but not Globally Stable(without a blocked pair), it implies the existence of hidden blocking
pairs located in the omitted sets O;. If a matching is Globally Stable but not the POSM, it implies the existence of a
Deadlock Cycle defined as follows.

Definition B.7 (Deadlock Cycle). Let m be a stable matching. A deadlock cycle is a sequence of pairs p =
{(po,ao), (p1,a1),..., (Pe—1,a¢—1)} C m (indices modulo ¢) that satisfies the structural properties:

* For every player p;, the arm a; is strictly preferred to their current match a,. That is:
Qit1 > p; Q-
* For every target arm a1, the current incumbent p;; is preferred over the proposer p;:
Pi+1 a1 Di-

In the terminology of Lattice Theory, p constitutes a rotation which is exactly contrasted with Exposed Rotation (Gusfield &
Irving, 1989) where proposers move down their list. Eliminating this rotation moves the system state upward in the lattice
towards the Player-Optimal Stable Matching.

To establish the convergence of the system toward the POSM, we decompose the structural convergence process into the
following three phases: (i) stabilization into a restricted stable state; (ii) elimination of hidden blocking pairs through ping
signals; (iii) ascent through the stable matching lattice toward the POSM.

Lemma B.8 (Convergence to Restricted Stability). For any time t > T.,4. If no Restless Ping operations occur, the
decentralized market will converge to a Restricted Stable Matching, denoted as ms. Here, mg is stable with respect to
player’s the current candidate sets {S; }icnr-

Proof. In the absence of Restless Pings, the algorithm operates purely under exploitation logic, which is equivalent to
running the simultaneous-proposal Gale-Shapley (GS) algorithm (Roth, 2008) restricted to the sets S;. Throughout this
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process, GS maintains the invariant that the tentative matching at each proposal round is stable with respect to the proposals
made so far. This allows us to compare consecutive states via the potential function

CI)(t) = Z Rank 1(Al(t))v

Pi €N

here Rank,, (a) denotes the preference rank of arm a (1 being the best). Since the matching at each step is tentatively
restricted-stable, the rank of a player’s match is well-defined as their position within a valid stable matching at that stage.
When a conflict occurs and player p; is rejected, p; removes the current arm from consideration and proposes to the next-best
arm in S;, strictly increasing Rank,,, (A;(¢ 4 1)). Since ranks are bounded by I, ®(¢) is strictly monotone and necessarily
converges to a restricted-stable equilibrium mg.

At this equilibrium, no player wishes to deviate to any other arm within their current S; that would accept them. Thus, the
resulting matching mg satisfies the condition of Restricted Stability (Definition B.6). Furthermore, since players propose
in decreasing order of preference, standard stable matching theory implies this convergence leads to the player-optimal
matching among all matchings stable within S. O

Lemma B.9 (Elimination of Hidden Blocking Pairs). On the good event G, if there exists a hidden blocking pair (p;, ay)
such that ay, € O;, then the algorithm eliminates this blocking pair with probability at least 1 — . within any T satisfying
(t+7) 7 1
T) KK72 = "=z T (K - 1) In—.

(log(t+ 7)) = (logt) % O

K—1
t ™K

Proof. On the good event G, since t > T, the confidence intervals needed for this hidden blocking comparison have
enough samples to separate true gaps of size at least A,;,. Therefore, for a hidden blocking pair (p;, ai), the lower
confidence bound LCB; ,, exceeds the upper confidence bound of the current match m, (7). Consequently, ay, is included
in player p;’s Dream Set D;. All probabilities below are conditional on G and on the history up to time ¢; the remaining
randomness is the algorithm’s ping randomization. Let E/; be the event that player p; initiates a Ping towards arm ay, at time

step s. The size of the Dream Set is bounded by K. Substituting the updated Restless Ping rate p(s) = s~/ (log s)_KT,
the probability of the event E is bounded below by:

P(Bs) = pls)- \Dil(s)| = &;) - %Sfl/K(log s R

We analyze the probability that the event Es never occurs in time interval [¢, ¢ + 7]. Assuming independence of random
draws across time steps, the failure probability is:

t+7

P(fail) = [](1 — P(E,)).

s=t

Using the inequality 1 — z < e™*, we have:

t+7
1 _
P(fail) < exp <K Z s™Y/E (log S)KK2> .
s=t

To solve for 7, we lower-bound the summation with an integral. Since f(s) = s~ /¥ (log s)_KT is monotonically

decreasing, we have:
t+7

t+7
Z:s_l/K(logs)_Kfz2 > / x_l/K(logx)_%dx.
s=t t

. . K-2 . . . . ..
Because the logarithmic penalty term (logx)™ "% is monotonically decreasing, we can extract its minimum value at the
upper limit x = ¢ + 7 to obtain a strict algebraic lower bound for the integral:

T K—2 K—2 t+r
/ 2 VK (logz)™ % dx > (log(t + 7))~ % / e Vg
¢ ¢

x

= (og(t + 7))~ % B ()5 i),
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Substitute this integration result into the exponent of the failure probability:

P(fail) < exp (Kl_ 1(log(t+7))*% ((tJrT)% _ tKK1>> .

We require the probability of failure to be at most J,:

K K—-1

exp (—Kl_ —(log(t + 7)) (t+m) - tK)) < 6..

Taking the natural logarithm of both sides and multiplying by — (K — 1):

K—1

(log(t+7))*% ((t+7’) K ft%) > (K — 1)1n5l.

Distributing the denominator yields:

K—1 K—1

t t 1
( i T) KK72 - - K—2 > (K - 1) In—.
(log(t+7)) = (log(t+7)) % e
K—1 K—1
Since log(t + 7) > logt, we have L X < —t % Thus, replacing the denominator of the subtracted term with

2 =
(log(t+7)) " K (logt) K
log t makes the subtracted term larger, which strictly decreases the left-hand side. Ensuring this strictly smaller quantity

satisfies the bound provides a sufficient condition:

t+n= R >(K71)lnl
(log(t+ 7)) "% (logt)"=" ~ 0c

Rearranging the terms produces the explicit threshold condition for 7:

(t + ) K—-1 t K—1 1
T) K K
K—_2 Z K_2 +(K* 1) hlf.
(log(t+ 7)) " (logt)™® Oe
The condition derived above exhibits an elegant symmetric algebraic structure. If we define a state function F(z) £
K—-1
r K

Toen) 52 the explicit threshold condition can be concisely rewritten as F'(t + 7) — F(t) > (K — 1) In 5-. This implies
logz) K e

that the hidden blocking pair is guaranteed to be eliminated once the state function F(-) grows by a constant margin
C = (K — 1)In 3- over the interval 7.

Furthermore, as x — oo, the polynomial growth of the numerator 7 strictly dominates the logarithmic term (log ) =
in the denominator, meaning F'(z) strictly diverges to positive infinity. This mathematical property provides a strong
physical guarantee for the decentralized dynamics: no matter how large the current time ¢ is (and thus how low the Restless
Ping rate p(t) has decayed), there always exists a finite waiting time 7 that satisfies this threshold. Consequently, the
algorithm is guaranteed to eliminate any hidden blocking pairs in finite time, driving the system to monotonically climb
upward on the stable matching lattice.

Thus, once E occurs, since (p;, ax) is a blocking pair, ay accepts p;, and the pair is eliminated. Conditional on G, the
condition above guarantees the elimination of the hidden blocking pair with probability at least 1 — J.. O

If the matching is S-Stable and no hidden blocking pairs exist, but m; # msx, the system is trapped in a Deadlock Cycle
(Definition B.7).

To formalize the mechanism by which these deadlock cycles are resolved, we establish an isomorphism between the
algorithmic states and the lattice theoretic concept of rotation elimination. We prove that once the system achieves cognitive
convergence t > T¢,g, a statistical synchronized Restless Ping behavior deterministically triggers a monotonic climb on the
stable matching lattice.
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Lemma B.10 (Monotonic Lattice Climbing). When t > T¢.g, let p C m be a deadlock cycle of length at most £ < |N,,, |-
Let Eqveriap be the set of players in the deadlock cycle. If the dynamic windows of all players involved in p exhibit a
non-empty intersection T = ﬂpie Eovertan [tisti + L(t;)] # 0, the system executes an irreversible state transition through
the stable matching lattice, denoted by m — m/.

Proof. We establish the causal link between the Restless Ping mechanism and the exploration state. Consider a player p; in
the deadlock attempting to ping the target arm a;1.By the definition, the arm a;; is occupied by a superior incumbent
Di+1 =a;,, Pi Whois currently in the exploitation state (and doesn’t execute Restless Ping at the same time). Consequently,
any proposal from p; is rejected.

A failed Ping immediately triggers the player switches to the exploration state and initializes a timer timer < L(t). Note
that while an immediate success is possible if p;;1 happens to be wandering (which would accelerate convergence), relying
on the failure-induced cool-down provides a valid conservative lower bound for the transition analysis.

Assume the joint event Eyy,eriqp Occurs, implying the existence of the window 7. During this interval, the following
conditions hold for all p; which (p;, a;) € p:

* Unoccupied State: Every incumbent p; 4 is in the exploration state. This means they temporarily release their hold on
arm a;41.

* Cognitive Separation: On the good event G, since t > T4, the comparison between a;; and a;, is separated:
LCB; 4,,, > UCB; ;. According to the potential set definition and candidate set logic, inferior arms are pruned from
the Potential Set P;. Consequently, a;+; becomes the unique element in P;.

* Deterministic Sampling: In the exploration mode, player p; polls P;. Since a,; is available and statistically dominant,
p; successfully samples a;1. This success triggers climb success routine:

M; + EXPLOIT; Qheld < Q41

This process occurs concurrently for all ¢, resulting in the matching update m/(¢) = a;41. The transition m — m’
is permanent due to preference consistency. In the new matching m’, every player p; holds a strictly preferred arm
(@i+1 >=p; ;). Since aperq has improved to a;41, the previous arm a; is strictly excluded from D;, so that players will never
transit backwards. O

The overlapping dynamic window, the required target choice, and cognitive convergence ensure a deterministic rotation
elimination. Now we analyze the expected time for deadlock resolution for the event £,yeriap-

Lemma B.11. Consider a deadlock cycle of { players from Nr.,., ., with local clocks {t;}¢_,. Define t oy = max;e(q ti

table

2
If tmax > [405/ 2 log (205/ 2)} , then the probability that all ¢ players synchronize Restless Pings to the corresponding

arms in the cycle within their overlapping windows satisfies

2/K

1—e¢! CL ¢ _
U ) el og )

P)joint,é(tmax) Z (

Proof. Let Pyctive(u) denote the probability that a player with local clock w initiates at least one ping to the corresponding
arm in the cycle within their window [u, u+ L(u) — 1]. Since p is decreasing, p(u+7) > p(u+ L(u)) forall 0 < j < L(u).
Applyingl —x <e™ 7,

L=t u+j u—+ L(u u L(u)p(u + L(u
| (D L) g LRt L),

To convert this exponential lower bound into a linear expression in L(u)p(u), we need three properties for every u >
2
[405/2 log (205/2)} :
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2
1. L(u) < u. {405/2 log(QCf/Qﬂ > 2C log Cp, and u > e, so Lemma B.2 with @ = C, gives Cr logu < u.

2. L{wp(u +

L L(w) < 1. yu > 405/2 log(QCf/z) and Lemma B.2 with Q = 205/2 give \/u > 05/2 logu, i.e.,
CE(logu)? < u.

Wit hp(u + L(w) < plu),

L(u)p(u + L(u)) < Cru="/ X (logu)* ¥

IA
—

3. p(u+ L(u)) > ip(u). L(u) < uimplies u + L(u) < 2u, hence

p(u+ L(u)) u /K logu (K—2)/K _xo1 1
pw <u+L<u>) (log<u+L<u>>> SRS

Applying 1 — e~ > (1 — e~ 1)z (valid for 0 < = < 1) to the exponential bound:

L L) > L

Pactive(u) > Z oK

- K

L(u)p(u),

where the second inequality uses the third property p(u + L(u)) > 1p(u). On the other hand, by the union bound,

Paeu) < 3 PED) o D)
7=0

2
Hence for all u > [4(]5/2 log (205/2)} ,

L(u)p(u)

Pactive(u) = @( K )

Moreover, L(u)p(u) = Cru~'/% (logu)?/ ¥ is decreasing on this range, since

d 1 2
L tog(L(u)p W”Zm(—”bgu) <0

K/2 K/2\1% _ o - .
for u > [40,: log (ZC’L )} > e”. Substituting the definitions of p(u) and L(u),

1
Pictive(u) = @(Eu_l/K (log u)Q/K).

Joint probability. A deadlock breaks when all ¢ players ping the corresponding arms in the deadlock cycle synchronously
within their overlapping windows. Assuming independence of players’ ping randomization,

F)joint Z mwx H Pmctlve ’L

Since L(u)p(u) is decreasing on this range, we have L(¢;)p(¢;) > L(tmax)P(tmax) for all t; < t,.x. Applying the lower
bound Pietive(u) > 1_22;1 L(u)p(u),

1—et

2K

Pactive (tz) Z L<tmax )p(tmax)~

Multiplying over all £ players and substituting p(t) = ¢~/ ¥ (logt) =K =2)/K_L(t) = C logt:

1—e! — 2/ K
Pioing,¢(tmax) = < oK CL) ma{( (log tmax) /K,
This completes the proof. O
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2
Theorem B.12 (Finite Expected Breaking Time). Let Ty, = max{ [405/ *log (201{(/ 2)} ,exp(2/A)} and A £

K
. Assume the system enters a deadlock cycle when every involved player has local clock larger than Ty,

CK 1 (
3K
and let 1.« be the largest local clock among the players in the cycle (as defined in Lemma B.11). The conditional expected

time T to break the deadlock satisfies:

2tmax
E[7 | tmax] < W

Proof. To derive a worst-case lower bound, let the cycle length be £ and let t,,,, = max;¢[¢ t; be the largest local clock
among the players in the cycle at the entry time; this player has the lowest exploration probability and dominates the waiting
time. Taking the worst-case length ¢ = [N, ,,.| = K in Lemma B.11 yields the following bound.

From Lemma B.11, the joint synchronization probability satisfies

(1— 6_1)0L> -1

IDjoint,K(tmax) Z ( 2K max(log tmax)2~

‘We now bound the survival probability by partitioning the waiting interval into consecutive epochs. Let
S(7 | tmax) = Pr(deadlock not broken by time t,,,, + 7 | entered deadlock at #,,,x )

denote the conditional survival function of the deadlock-breaking time. Define ty = tyax and tg+1 = ¢ + L(x). In the
k-th epoch [tx, txt1), the deadlock is broken if all K players synchronize their Restless Pings within overlapping windows.
This occurs with probability at least Pjoing, k (t5). Hence, after m epochs (covering 7 = ¢,,, — tiax Steps),

m—
T | tmax S H JOll’lt K tk < eXp( Z -PJomt K tk )

To handle the summation term in the exponent, we first rewrite it in a form compatible with an integral over time. Define the
hazard density

A ]Djoint,K (t)

L)

which measures the deadlock-breaking intensity per unit time. Then

h(t)

m—1 m—1 P (t ) m—1
Jomt K tk Z %;()k L(tk) = h(tk)L(tk)
k=0 k=0 k k=0

Using L(t) = Cr, logt and the definition of A, the lower bound above gives

1-e"\" __ilogt logt
> - — A8"
ht) 2 ( 2K ) v t

Thus we do not need to impose monotonicity on the exact hazard h(t) itself. It is enough to apply the Riemann-sum
comparison to the explicit lower-bound profile (logt)/¢, which is decreasing for ¢t > e. Since t+1 — tx = L(tx), the
left-endpoint Riemann sum dominates the corresponding integral:

e logt tm log s
k
Jomt K tk Z A Z L(tk) > A/ ds

k=0 tk to s

tmax"FT 10 s

= & ds
txnax S
A

5 [ log max + T ) (logtmax)2] .
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Thus, the survival function S(7 | t;max) satisfies:

S(7 | tmax) < exp (—;1 [(log(tmax + 7))* — (log tmax)ﬂ) .

The conditional expected waiting time is:
E[7 | tmax] = / S(7 | tmax)dT
0

Use the change of variables y = (10g(tmax +7))? — (10g tmax)?. Then timax +7 = exp(y/y + (10g tmax )?). Differentiating
with respect to y gives

1
dr = 5y + (108 tmax)®) " exp(v/y + (108 tuar)?) dy.
Since y > 0, we have (y + (log tmax)z)*% < (log tmax) ~*. Moreover, by concavity of the square-root function,

(10g tmax)? + Y < 10g tmax + ﬂ()g%ma{

and therefore exp(1/(10g tmax)? + ¥) < tmax €XP(y/(210g timax))- Substituting these bounds into the integral yields

tmax o A 1
E[7 | tmax| < ———— -yl == —— dy.
[ | tmax] < 210gtmax/0 exp( y (2 2logtmax)) y

Since tmax > Twin > exp(2/A), we have ﬁ < % Therefore % — L > % and the integral converges to at

21og tmax

max

4 .
most . Thus:

tmax 4 2t max
E[r | tmax] < —— 22X . = “mmax
7 tmax] < G100t 4~ Alog tas

O

Let H denote the lattice distance, the number of rotation eliminations required to reach the POSM from the current matching.
By (Gusfield & Irving, 1989), the lattice of stable matchings has height at most K (KX — 1)/2 for a market with K agents on
each side, hence H < K(K —1)/2 = O(K?).

Finally, we establish that the system converges to the player-optimal stable matching in finite expected time. Let Tsyyqct
denote the stopping time at which the system first reaches the player-optimal stable matching (POSM).

Theorem B.13 (Structural Stabilization). After cognitive stabilization, the system converges to the unique player-optimal
stable matching (POSM) in expected time:

E[Tstruct] <E

+ O(1),

9 H
1 A Tco
( + AlogTeog ) g

where A is defined in Theorem B.12 and H < K(K — 1)/2 is the lattice height.

Proof. Each deadlock resolution eliminates one rotation and moves the system strictly upward on the stable matching
lattice. Since the lattice height H is finite, the process must terminate at the POSM m™* after at most H steps: at m*, no
player-initiated blocking pair exists, so any ping attempt targets an arm that strictly prefers its current occupant and is
rejected; the matching can no longer change.

Theorem B.12 requires every involved player’s local clock to exceed T;,. After Tyiaple, the active player set is fixed and
local clocks increase by one per round. Cognitive separation holds for all ¢ > T¢,4. Starting from max{7.og, Trin }, Within
at most T%,;,, additional steps every active player’s local clock exceeds T3,;,. Hence there exists a time Tj satisfying

maX{Tcog7 Twin} S TO S maX{Tcog7 Twzn} + Twin;
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from which onward the condition of Theorem B.12 is satisfied for every subsequent deadlock cycle. Since Ty < Tg +
2T win = Trog + O(1), the regret incurred during [T, To) is O(1) and absorbed into the constant term of the final bound.
Moreover log Ty > log max{Tcog, Twin} > 10g Teog.

We analyze the structural convergence time 7T+ as a sequence of H discrete steps on the lattice. Let T}, denote the
timestamp after completing the k-th step, with Ty = Ti4,ct. The temporal evolution is governed by the recurrence:

Tyt = T} + 7%,
where 7y, is the waiting time to execute the (k + 1)-th rotation conditional on the current time T.

Let Fr, denote the o-algebra generated by the history of the process up to time 7T}. By Theorem B.12, the expected waiting
time satisfies

2T,
E L
[ | F] < Alog T}’

since at time T}, all local clocks exceed T%,;, and the deadlock cycle is entered with largest local clock at most 7}. Taking
the conditional expectation of the next timestamp:

2
E[Tk+1 | ka] =T +E[Tk ‘ ]:Tk] <Ty (1 + AlOng> .

1 1 1
g T S log To S lochog

Since Ty, > Ty = Teoy, We have - . Hence

Efir [Fr) < T (L4 ) -
[k:+1| Tk]— k( +A10chog>

Now let 7. denote the o-algebra generated by the history up to Tt,4. Both T¢,4 and the lattice state at T.,4 (and therefore

g

H) are Fr,,,-measurable. Because T}, > Ty > maX{Tcog, Twin} > T.0q are stopping times, the stopping-time o-algebras
are nested: Fr,  C Fr,. Applying the tower property:

cog —

ElTws1 | Fr.oy) = E[E[Tkt1 | Fri] | Fro,]

2
<E|Tp |14+ —F— ‘]-"
B { ; ( " Alo%Taoy) TCOQ}

2
=(1+—+—)E[T
( +A1ochog> il )

where the last equality holds because (1 + ﬁ) is Fr,,,-measurable (it depends only on 7¢,,) and can be pulled out
of the conditional expectation. ‘

Iterating this recurrence from £k = 0to H — 1:
9 H
E[T; <|1+—+—| E[T .
i | P < (14 g ) B0 |

We do not require Tj itself to be Fr,, -measurable; the deterministic bound Ty < Teog + 2Ty, (from max{Tcog, Twin} <
Teog + Twin) together with the Fr,, -measurability of T..,g gives E[Ty | Fr.,,] < Teog + 2T win. Hence

H
2
E|T F < (1 — Tco 2Twin .
(i | Fr) < (14 o) (Tiog + 2o
Since Toin = O(1), taking the total expectation yields

2 a 2 a
14+ —" ) (Topy+ 2Twin 1+—= ) T
( + Alog Tcog> (Teog + ) ( + Alog Tcog> €09

This completes the proof. O

E[Tstruct] < E < E + 0(1)
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Theorem B.13 guarantees that the lattice-ascent procedure terminates in finite expected time independent of the horizon T':
the bound involves only T¢.4, A, and H, none of which depend on 7. This ensures the system reaches the POSM almost
surely, and it justifies treating the deadlock-breaking portion of E[Rgyyet] as O(1) in the regret decomposition below.

B.3. Combining the Auxiliary Results for Theorem 5.1

We now prove Theorem 5.1 by assembling the learning and structural guarantees established above. The proof decomposes
regret into statistical failures, cognitive stabilization, structural recovery, and steady-state exploration.

The learning part is controlled by the two-sided Good Event in Definition B.1. Lemma B.3 and Lemma B.4 show that
effective sample counts eventually exceed the separation threshold L(t), and Theorem B.5 converts this into a finite expected
cognitive stabilization time T, .

The structural part handles the remaining obstacles after cognitive stabilization. Lemma B.8 gives convergence to restricted
stability; Lemma B.9 eliminates hidden blocking pairs; Lemma B.10, Lemma B.11, and Theorem B.12 control deadlock
resolution through Restless Pings. Theorem B.13 aggregates these steps into finite expected convergence to the POSM.

It remains to charge regret to these phases: bad-event regret, pre-stabilization learning, post-stabilization structural recovery,
and the steady-state cost of persistent Restless Pings. Combining the resulting bounds gives the desired cumulative-regret
guarantee.

Proof of Theorem 5.1. Without loss of generality, we focus on the players still active in Nggaple, as other players’ regrets are
independent of T" by the definition of Eq. (1), and thus a constant compared to the right-hand side of Eq. (8).

At any time , the instantaneous regret is given by 7y = f1; y,x(;y — X;(t). Since rewards are bounded in [0, 1], we always
have r; < 1. We decompose the expected regret via the law of total expectation, splitting on the good event G (all confidence
intervals valid). By the law of total expectation,

E[R;(T)] = E[Ri(T) | ~G|P(~G) + E[Ri(T) | ] - P(9)

Statistical Failure Cost Algorithmic Cost

We first bound the contribution from confidence failures. By Definition B.1,

T

T T
. 60
Roa 2 Elrdge] <Y P(G)) <Y —5 <9,
t=1

t=1 t=1
and hence Ry,q is uniformly bounded independent of 7.

For the algorithmic term, using P(G) < 1,
E[R;(T) | G]-P(G) < E[Ri(T) - 1g].

On the good event G, the algorithm’s progression follows three natural phases: cognitive learning (¢t < T.,,) for statistical
learning regret, structural adjustment until the market reaches the POSM, and steady-state exploration through Restless
Pings, yielding the pointwise bound

Ri(T) ‘1g < Rcog + Rytruer + Rsteady-

Taking its expectation,
E[Rl (T) | g] : ]P)(g) S E[Rcog] + ]E[Rstruct} + ]E[Rsleady]~

Combining both terms,
E[Rz (T)] S Rbad + E[Rcog] + IE[fistruct] + ]E[Rsteady}-

‘We now bound each term on the right-hand side.

Part A: Cognitive Learning Regret (R¢,z). This term corresponds to the regret incurred during the initial learning phase
(t < Ttog) Where players may make sub-optimal decisions due to insufficient samples (IV; (t) < L(t)). By Theorem B.5,
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we know the upper bound of expected cognitive convergence time. Meanwhile, as players suffer at most 1 regret at every
step until convergence, the expected regret R, can be bounded by:
2 T2l—7
E[RL ] S ]E[Tco ] S Tal + ¢a
* ! OV [CE)

where T},;, and ~y are constant independent with 7T'.

Part B: Structural Adjustment Regret (R uet)- This term of regret captures the cost of adapting to structural changes to
climb the lattice from Mg t0 Myer. We decompose this into historical costs and the post-stabilization recovery costs.

1. Historical Adaptation Cost (¢t < Typie): We denote the regret accumulated during the volatile period before the system
reaches a steady state (Tyupie) as Rhist(Tsable)- Since Tyape depends solely on the finite sequence of structural shocks (e.g.,
player entries/exits) and the intrinsic market dynamics, this term is a constant independent of the total horizon 7'. Thus,
E[Rpist] < Tytaple-

2. Post-Stabilization Recovery Cost (t > Tgapie): After the final structural shock, the system must resolve remaining
suboptimalities, primarily through Deadlock Breaking and Candidate Resets:

* Deadlock Breaking Cost (Rgeadiock): After cognitive convergence (t > T¢q4), deadlock cycles(Definition B.7) may
still block the ascent to the POSM. By Theorem B.13, once all local clocks exceed T%,;,, which occurs by Ty with
max{Tcog, Twin} <Tp < Teog + 2T n, the lattice-climbing procedure reaches the POSM in finite expected time. The
deadlock-breaking duration proper is Tsiryct — 10 < Tstruct — Teog, and the O(1) gap To — Teog < 2T in is absorbed
into the constant-order structural cost. Theorem B.13 guarantees E[Tsyct] < 00, and this bound is independent of
the time horizon T'. Since each player suffers at most unit regret per step and there are at most K active players, the
deadlock-breaking regret over all rotation eliminations satisfies

I[‘E[I%deadlock} <K- E[Tstruct] = O(l)

» Candidate Reset Cost (Ryeset): When a player is forced to reset their candidate set, they incur a cost proportional to the
time of continuous rejection L(t) and the time next time they enter the exploitation state L(t). Also, as the number of
resets is at most [N, - K - H, where H is the finite height of the stable matching lattice bounded. Thus

stable

]E[Rreset] S |-/\/TS

table

|K - H(2L(t) + K) < O(Cplog T) = 0(2§T> .

min
Combining the above bounds, the total structural adjustment regret satisfies:

E[Rslruct] = E[Rhist + Rdeadlock + Rreset] S O(CL 10g T)

Part C: Steady-State Exploration Regret (I%seaqy). Once the system reaches the POSM, players must maintain Restless
Pings to ensure liveness against potential future changes. As the Restless Ping rate p(t) and a ping takes time L(t) = C}, log t,
we have:

T
E[Rsteady(T)] é Z K- p(t) . CL IOg t.
t=1

Substituting p(t) and keeping the dependence on the separation threshold explicit, we get:
T
E[Rsteady ()] < KCL / "V E (log 2)¥/ ¥ du.
1

Using integration by parts:

T K T 2 T
/1 I’il/K(log 1')2/K dr = |:[(_1III/K(10g I’)Q/K:| ) — ﬁ /1 Iil/K(IOgI)2/K71 dzx
K
< 1-1/K 2/K.
%1 1T (logT)
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Therefore,

A2

KTlfl/K log T 2/K
E[Ryteady (T)] < O(KCLTl’l/K(logT)z/K) - 0( (log T) > .

Combining all the above upper bounds together, the regret of each player ¢ is upper bounded by:
E[Rz (T)] S Rbad + E[Rcog] + E[Rstmct] + E[Rsteady]
< O(1) + O(1) +0(CrlogT) + O(KCLT /K (log T) ¥/ ¥)
~—~—~ ~—~—~

Bad Events  Cognitive Structural Resets Steady-State
1-1/K 2/K
<0 (K T (1og T) ) .
Thus, the regret bound in Theorem 5.1 holds. O

C. The Restless Ping Rate p(t)

As mentioned in Section 5.1, the Restless Ping rate p(¢) in Equation (7) can be scaled by any constant factor ¢ > 0. In fact,
for sufficiently large ¢, p(t) can take from a broad class of functions:

p(t) = ct~%(log t)_b1 (log log 1&)_52 e (log(m) t)_bm, (12)
for properly chosen m, a, b, bs, ..., by, and c.

Indeed, the analysis in previous sections has proved the regret bound relative to Equation 7 for Algorithm 3. We now explain
why this specific formula is chosen, how it relates to the more general family as in Equation 12, and how a fixed multiplicative
constant c¢ affects the recovery guarantee. The purpose here is not to repeat the derivation of Pycive (), Pigint, K (t), or the
epoch-level hazard h(t), which has already been established before. Instead, we start from the consequence needed by
the proof: for a deadlock cycle, the Restless Ping schedule should make the induced hazard large enough to ensure both
almost-sure recovery and finite expected deadlock breaking time.

C.1. Sufficient Conditions

Following Lemma B.11, Pyctive(t) = O(L(t)p(t)/K) and Pigins k (t) = Q((L(t)p(t)/K)X). Using the hazard density
h(t) £ Pioint. i (t)/L(t) as in Theorem B.12, we obtain

K-1 K
n(t) = oM 2P0 — o ((iog )< 1p(r)*).

For deadlock recovery, we are concerned with two levels of conditions.

Almost-sure recovery. The deadlock is broken in the almost-sure sense, i.e., Pr(7 < oo | T') = 1. From the survival
function upper bound

TH+T1
S(r|T) < exp(—/T h(s)ds),

this is certified if S(7 | T') — 0 as 7 — oo, for which a sufficient condition is that the cumulative hazard diverges:

/OO h(t) dt = cc.

T

Finite expected recovery. A stronger requirement is a finite expected recovery time, namely
E[r | T] < 0.

Since E[7 | T] fo (7 | T)dr, this is guaranteed when the survival function decays sufficiently fast. The integral
analysis of Theorem B.12 shows that a sufficient condition is that the hazard density eventually strictly exceeds the critical
scale 1/t with a strict constant margin: there exist constants € > 0 and T such that, for all ¢ > T,

1
h(t) > jg.
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Indeed, under this condition, the cumulative hazard satisfies, for all sufficiently large z,

/I h(s)ds > (1 +¢)logz — O(1).
T

Consequently, the survival function is bounded by
S(r|T)<o((T+7)"0+9),

which is integrable over 7 € [0, c0).

The scale 1/t is critical because

T4t

1 T

/ —dt = log JrT.
T t T

Thus, a hazard lower bound of the form h(t) > ¢’ /t with some constant ¢’ implies the power-law survival bound

ﬂrﬂﬁ(jjya

T+ T

The tail integral of this power-law survival function bound is finite precisely when ¢’ > 1. Hence the scale 1/t is constant-
sensitive: a constant factor strictly above one certifies finite mean recovery through this argument, whereas a unit or smaller
constant does not. By contrast, any hazard that grows asymptotically faster than 1/¢, for example h(t) = Q((logt)/t), lies
strictly on the finite-mean side and yields an integrable survival tail.

To see the choices of p(t), we now apply h(t) = Q((log )X ~1p(t)%) to a general power-log and iterated-logarithm family.
For any fixed ¢ > 0 (with the feasibility constraint that p(t) < 1 given the other parameters), consider Equation 12 for any
fixed positive integer m. Substitution gives

h(t) =Q (cKt*“K (log t)K 1=K (loglog £) =52 . .. (log™ t)*Kb’") .
Since c¥ is a fixed positive number, it does not affect the polynomial exponent, the logarithmic exponent vector, nor the
asymptotic size of h(t). It only alters the leading constant of the hazard.

C.2. Critical Condition on the Polynomial Exponent

The polynomial exponent is decisive at the first level. Forming the ratio of the hazard lower bound to the critical scale 1/¢:

h(t ,
1(/3 =0 (cK 7K (log t) K1 Kb (log log t) P2 .. . (log(™ ¢) = Kbm ).
The polynomial factor t! ~*% determines the dominant magnitude. If a < 1/K, then 1 — aK > 0 and ' =% — co. The
remaining logarithmic factors, regardless of their signs, diverge or decay at rates that are of strictly lower order than any
polynomial and are ultimately absorbed by the polynomial divergence. Consequently, there exists Ty such that for all ¢ > T,
h(t) > (1 + €)/t, and finite expected recovery holds. If a > 1/K, then 1 — aK < 0, t!=aK _ 0, the product tends to
zero, and this lower bound eventually falls below (1 + ¢) /¢, so this lower-bound argument does not certify finite expected
recovery. Hence, the critical polynomial exponent is

1

o= —.

K

In this critical case, the polynomial factor cancels out (t° = 1), and the decision shifts to the logarithmic factors. In this

regime,
AcK K—1-Kb, —Kby | | (m) 1\ — Kby,
h(t) > ; (logt) (loglogt) (log\™ t) .

Let M (t) denote the product of the above logarithmic factors. From the condition h(t) > (1 + €)/t, we require Ac M (t)
to eventually exceed 1 + . If M(t) — oo, any fixed ¢ > 0 suffices; if M(t) — 0, no fixed ¢ can make this sufficient
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condition hold; if M (t) = 1, convergence depends on whether Ac’ exceeds 1. This is the origin of the sign condition
and constant sensitivity. We now rigorously derive how the asymptotic behavior of M (t) determines convergence via the
integral structure of the cumulative hazard.

Define v := K — 1 — Kby, 79 := —Kbo, ..., Y := —Kbp,, so that M(t) = (logt)" (loglogt)?2 - - (log™ t)m.
Under a = 1/ K, the cumulative hazard, after the substitution u = log s (ds/s = du), transforms to

T log x
/ h(s)ds > AcK / u" (log u)??(log log u)® - - - (log(mfl) u)"™ du.
T log T

Let v :=logx, Ly := log T, and denote by Z(v; Lo) the integral on the right-hand side above. From the survival function

upper bound S(7 | T') < exp(— ;+T h(t) dt) and the change of variables x = eV (dz = edv),

Elr|T] < /OO exp(v — AcK -I(U;LO)) dv. (13)
log T

The integrand in the exponent contains two terms: exp(v) from the Jacobian, and exp(—Ac¥ - Z) from the cumulative
hazard. The integral converges if and only if the growth of Z(v; Lg) is sufficient to dominate the linear term v in the
exponent.

We now analyze the asymptotic behavior of Z(v; Lg) case by case. Define the vector

F(bl,...,bm) = (’71,’}/2,...7’7m) = (K— 1 —Kbl, —Kbg, ey —Kbm).

Case 1: 7; > 0. Although the higher-order logarithmic factors may contain negative powers, they are of strictly lower
order than any polynomial power of u. Hence, for 7 /2, there exists V) > L such that, for all u > V4,

(log u)"2(loglog u)?* - - - (log ™ ™1 )V > o=/,

Therefore, for all sufficiently large v > V),

Z(v; L) = / u (log u)? (loglog u) - - - (log™ ™V u)"™ du
Lo

v
> / w2 dy
Vo

plt/2 _ V01+v1/2

1+71/2

Since Vj is fixed, for sufficiently large v this implies
Z(v; Lo) > Cvltm/?
for some constant C' > 0. Substituting this into Eq.(13) gives
exp(v — Ac®ZI(v; Lp)) < exp (v - C'UH'“/Q)

for some constant C’ > 0. Since 1 + 71 /2 > 1, the negative superlinear term dominates the linear Jacobian term v, and
the integral converges. In this case, any fixed ¢ > 0 guarantees E[7 | T] < oo. The condition 77 > 0 is equivalent to
b < (K —1)/K.

Case 2: v; < 0. We distinguish two subcases.

Subcase 2a: —1 < 1 < 0 (equivalently, (K — 1)/K < by < 1). The higher-order logarithmic factors may contain positive
powers, so we cannot simply upper bound the integrand by »7'. However, these factors are still of lower order than any
positive polynomial power of u. Hence, for n = —~; /2 > 0, for all sufficiently large u,

(log u)'YQ (log 10g u)'YB e (log(mfl) u)’)’m S u—’71/2.
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Therefore, for sufficiently large v,

Z(v;Lo) < C+ /U w2 du
= O(vl+“/2) = o(v),
since 1 /2 < 0. Substituting this into Eq.(13) shows that the exponent
v — AcKZ(v; Lo)

still grows linearly in v up to a lower-order correction. Thus the survival upper bound obtained from this hazard lower bound
is not integrable, and this argument does not certify finite expected recovery.

Subcase 2b: v; < —1 (equivalently, b; > 1). Again, the higher-order logarithmic factors are dominated by any positive
polynomial power of w. In particular, for all sufficiently large u,

(log u)? (loglog u)” - - - (log™ ™V u)1m < /2.
Hence the integrand in Z(v; L) is at most u”*+1/2 < =1/ for large u, and therefore
Z(v; Lo) = O(v'/?) = o(v).

Consequently, the term Ac® Z(v; Ly) cannot dominate the linear Jacobian term v, and the resulting survival upper bound is
not integrable. Thus this hazard lower bound does not certify finite expected recovery.

Case 3: v; = 0 and v, # 0. In this case,

Z(v; L) = / (log u)?(loglog 1) - - - (log™ ™V u)"™ du.
Lo

If 75 > 0, the remaining factors are of lower order than any power of log u. Hence, for all sufficiently large u,
(loglog u)™ - - (log!™Y u)™ > (logu)~72/2,

Thus
Z(v; Lo) > Cu(logv)??/?

for some constant C' > 0 and all sufficiently large v. Substituting into Eq.(13) gives
exp(v — Ac®Z(v; L)) < exp (v — C'v(log v)72/2> ,
which is integrable because (log v)72/? — oco. Therefore, 7, > 0 certifies finite expected recovery for every fixed ¢ > 0.
If v2 < 0, then for all sufficiently large w,
(loglog u)” - - - (log™ ™V u) ™™ < (logu)~72/2.

Hence
Z(v; Lo) = O(v(logv)W/z) = o(v),

and the cumulative-hazard term does not dominate the linear Jacobian term. Thus this hazard lower bound does not certify
finite expected recovery.

36



Decentralized Bandits without Global Clock for Dynamic Matching Market

Case 4: All v; = 0. In this case, M (¢) = 1 and
Z(v; Lo) = v — L.

Substituting into Eq.(13) yields

Elr |T] < / exp(v — Ac® (v —log T)) dv
log T

= TA" / exp(v(1 — Ac®)) dv.
log T

The right-hand side is finite exactly when
Acl > 1.
In that case,
< T
~ AcK -1
If Ac® < 1, this particular survival upper bound is not integrable, and the present lower-bound argument does not certify

finite expected recovery. This is the constant-sensitive boundary: at the exact logarithmic boundary, the exponents alone no
longer decide the finite-mean condition; the leading constant ¢ also matters.

E[r | T

In summary, at the polynomial boundary a = 1/ K, the finite-mean behavior certified by this hazard lower-bound argument is
determined by the first nonzero component of I". If the first nonzero component is positive, then Z(v; Lg) grows superlinearly
in v, and the cumulative-hazard term dominates the Jacobian term exp(v) in Eq.(13). Hence finite expected recovery is
certified for every fixed ¢ > 0. If the first nonzero component is negative, then Z(v; Lg) = o(v), and this lower-bound
argument does not certify finite expected recovery.

Translating this criterion into conditions on the logarithmic exponents (b1, . . ., by, ), the first coordinate of I satisfies

K-1
7

K—-1-Kb >0 <= b <

If by = (K — 1)/ K, then the first coordinate vanishes and the second coordinate determines the sign:
—Kby, >0 <= by<O.

If also by = 0, the same reasoning propagates to b, and so forth. Thus, for every fixed ¢ > 0, the finite-mean side certified
by this argument can be compactly expressed as

K-1
(bl,bg,...,bm) =<lex (I{,(),(),...)7

where <ex denotes the lexicographic order: the left-hand vector is smaller if, at the first coordinate where it differs from
((K-1)/K,0,0,...), its coordinate is smaller. The exact boundary

K-1
(b17b27~'~vbm):<K,0,07...>

is constant-sensitive. In this case, the hazard lower bound reduces to h(t) > Ac %, and this argument gives the sufficient
condition Ac® > 1 for finite expected recovery. Equivalently, the boundary case is certified when

1/K _ 2K C—(K—l)/K'

c> A" T—. 1L

C.3. The Parameter Choice in This Paper

Algorithm 3 chooses the simpler form
1

p(t) = 117K (log ) (K—2)/K
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which corresponds to

by=——",  by=bg=--=0.

Equivalently, the more general constant-scaled family

N c
Pe(t) = 11/K (log 1) (K-2)/K

shares the same exponents. In particular, substituting this schedule into the hazard

h(t) = Q(CK(IOgt)Kl (tl/K(log 2)(K—2)/K>K> - Q(CKlotgt> '

Hence, any fixed ¢ > 0 remains on the same finite-mean side: the log ¢ factor diverges and eventually overcomes any fixed
constant penalty. The algorithm in the paper, Algorithm 3, corresponds to the special case ¢ = 1. Since % < % this
choice lies strictly on the finite-mean side of the boundary. This is the reason for using the exponent (K — 2)/K: it avoids
the constant-sensitive boundary while maintaining a sublinear steady-state probing cost,

S L(t)p(t) = O(Tl’l/K(logT)wK) .

t=1

Under the constant-scaled schedule p.(t) = ¢p(t), the same calculation acquires only an extra multiplicative factor c:

S L(t)pe(t) = o(ch—l/Kaog T)2/K) .

t=1

Since c is a fixed constant, the asymptotic exponent of the regret remains unchanged.

D. Way-SE-2S WorkFlow and Illustrative Example
D.1. Way-SE-2S Flow Diagram

Figure 3 summarizes the execution logic of Algorithm 3. The diagram is intended as a readability aid and does not introduce
additional algorithmic steps beyond those specified in Algorithm 3.

D.2. Illustrative Example: Set Dynamics and Bi-directional Tracking under Departure

To intuitively demonstrate how the Way-SE-2S algorithm resolves deadlocks and tracks the Player-Optimal Stable Matching
(POSM) in dynamic environments, we construct a local network instance with structural shocks (churn). Consider a market
with an arm set K = {a1, a2, a3} and an initial player set M;,,;; = {P1, P>}. A new player P; dynamically enters, and
later, an incumbent player P; departs. The latent true preferences (unknown to the agents and learned via UCB) are defined
as follows:

* Players’ Preferences: Py, P> : a1 > as > as;and P53 : as > a1 > as.

e Arms’ Preferences: a; : P, = P> > Ps3; ay : P3 = P, > Py; with a3 being indifferent.

We divide the system evolution into three distinct stages, focusing on the state transitions and the dynamics of the core sets
(S;, O, Py, D) for player P,, who acts as the primary observer of the market shocks.

Stage I: Cold Start and Downward Relaxation. Upon initialization, both P; and P, are in the EXPLORE state with full
candidate sets S = {a1, az, a3} and empty observation sets (cold palace) O = (). Driven by the optimistic UCB initialization,
both players attempt to lock a;. However, learning from proposals, arm a; identifies P, > P», thus consistently accepting
P, while rejecting P,. Once P5’s consecutive rejections exceed the tolerance threshold W1, an Eviction is triggered: a is
removed from S> and placed into Os. P» subsequently relaxes its expectation and successfully locks ao from the remaining
potential set. The system reaches an initial POSM: p = {(P1, a1), (P2, a2)}. Although Ps is exploiting as, a; remains
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Way-SE-2S Algorithm Flow Diagram
Initialization Main Loop (Fort=1,2,...,T)
Parameters: L(t), p(t). Sets: P;,S; = K, 0; = ©,D;.
Variables: M;=EXPLORE, c,,,;;=0, timer=K?2, ptr; = 0.

| Phase 1: Update & State Shunt H Phase 2: Target Selection H Phase 3: Execute Pull ‘ Arm Set Logic
— & Dynamics
Pointer Refresh Pointer Keep Update estimates;
i > i Reset C, Potential Set P,
Update o [ Flnd.next j [ Keep j wait statistically
Hee g pryin P; current ptr; competitive arms
Les 9 [ 1P = 1800 Niparger > L(O)? }
ﬁ timer=0 ( Target « ptr; ] T UCB|2 max LCB
reach limit
time out Yes Candidate Set 5,
set apeq [ IsPing «— False ] sampki current candidate
— enough
Update — t

Potential Information
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Omitted Set 0,
temporarily

[ Construct Dream Set D; ]

D; # @ and ping L
triggered?

Target < random
inD;
IsPing — True

Promote Target to a4

_{ Successful Restless Ping:

removed arms

Apeta & Py
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EE
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[ D e Held Arm ay1q
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A OVer apeia
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reset S, — K, 0, 0
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EXPLOIT
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Target — a4
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Iteration Loop Ends I

Figure 3. Flow diagram of Way-SE-2S. The algorithm proceeds through three phases in each round: update and state shunt, target
selection, and execution with conflict handling. The right panel summarizes the arm-set dynamics among the Potential Set P;, Candidate
Set S;, Omitted Set O;, held arm ape1q, and Dream Set D;.

in Py’s dream set (D2) due to its high UCB. P, will occasionally probe (ping) a; with probability p(F'), which fails and
increases the fatigue F', maintaining macroscopic stability.

Stage I1: Dynamic Entry and Cascading Eviction. A new player P3 enters the market with high initial UCBs, targeting
az. Arm ay evaluates P; > P» and begins accepting P3, consequently rejecting the incumbent P». This structural shock
forces P; to face continuous rejections again, triggering a secondary eviction. Arm as is moved to Os, leaving Sy = {as}.
P; is forced to match with the baseline arm as. The system naturally gravitates downward to absorb the new competition,
settling into a sub-optimal stable matching i/ = {(P1, a1), (Ps, az2), (P2,a3)}.

Stage III: Incumbent Exit and Upward Excitation. Assume P; unexpectedly departs, leaving a; vacant. P, currently
matched with ag, still retains a; € O with a high confidence bound, meaning a; € Ds. When P; initiates an active Restless
Ping towards a1, the request is immediately accepted by the vacant arm. This success triggers the algorithm’s Resurrection
and Preemption logic: a; is pardoned from Os and restored to Ss, and P»’s state directly transitions to EXPLOIT with
kheta = a1. The system successfully breaks the sub-optimal deadlock, climbing upward to converge at the new global
POSM.: /L” = {(PQ, al), (P3, ag)}.

The table highlights how the algorithm’s memory mechanism (the O set) prevents permanent truncation of true preferences.
Unlike standard Gale-Shapley dynamics where a rejection implies permanent elimination, the WAY-SE-2S algorithm
preserves highly valued but temporarily unavailable arms in Os. This design is the key enabler for the upward excitation
(resurrection) observed in Stage III, allowing the system to bidirectionally track the Player-Optimal Stable Matching (POSM)
without centralized coordination.

E. Experiments and Empirical Validation

In this section, we empirically test the theoretical guarantees of Way-SE and Way-SE-2S in dynamic matching markets.
We demonstrate that both algorithms satisfy the predicted regret bounds while maintaining liveness and stability. The
experiments are conducted in a decentralized environment where agents can only communicate through collision and
rejection signals.
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Table 1. Evolution of Player P’s Internal Sets and State under Dynamic Churn

Stage & Event Action / Feedback Candidate Set (S;) Observation Set (O;) Dream Set (D,) Matched Arm (kjc1q)
Initialization System starts; P;, P enter. {a1,a2,a3} 0 0 None

Stage I: Collision P, & P, pull ay. P; rejected. {a1,az,a3} 0 0 None

Stage I: Eviction Cuwait = Wigek for ay. P descends.  {ag, a3} {a1} {a1} as

Stage II: Entry P; enters, targets ag. P, rejected. {az, a3} {a1} {a1} as

Stage II: Eviction Cuwait = Wioek for ag. Py descends.  {as} {a1,a2} {a1,az} as

Stage III: Exit P leaves. a; becomes vacant. {as} {a1, a2} {a1, a2} as

Stage III: Ping P, pings a1 € Ds. Ping accepted! {as} {a1, a2} {a1, a2} None (Transit)

Stage III: Resurrection a; revived from O. P, matches a;.  {a1,as} {az} {az} a

E.1. One-Sided Learning: Logarithmic Regret

We evaluate the Way-SE algorithm in a one-sided learning environment, where 15 arms’ preferences are known in advance,
while players must learn their preferences. The system initializes with 6 players, with subsequent entries adding competition
up to 11 concurrent players.

x10°

6 ‘-— Logarithmic Benchmark 5
|— Way-SE
o4
B 2
g g
2 &
et w3
B 3
2 15}
=
g g2
3, kA
o =
1
0 —— —— —— — — 0 — ——t —— — +————— v
01 2 3 4 5 6 7 8 9 1011 12 13 14 15 16 17 18 19 20 01 2 3 4 5 6 7 8 9 1011 12 13 14 15 16 17 18 19 20
Time Step (t) x10% Time Step (t) <10t
(a) Cumulative Regret (b) Instantaneous Regret

Figure 4. Way-SE in one-sided learning (K = 15). The left panel shows the cumulative regret tracking the logarithmic benchmark. The
right panel illustrates the instantaneous regret, where sharp spikes correspond to player entry events, followed by rapid decay to zero.

As illustrated in Figure 4, the performance of the algorithm satisfies the theoretical upper bound predictions. The cumulative
regret curve in the left panel maintains a trajectory exhibiting a logarithmic growth pattern consistent with the O(log T")
bound. The right panel provides a microscopic view of the instantaneous regret at each time step. Each vertical dashed
line represents a structural shock caused by a new player entering the market. These events trigger an immediate spike
in instantaneous regret as the existing stability is disrupted and players are displaced. However, the system exhibits rapid
recovery behavior; the regret spikes are transient and narrow, rapidly decaying back to zero. This return to a zero-regret
state indicates that the market has re-converged to the new POSM, validating the effectiveness of the algorithm in handling
dynamic player arrivals.

E.2. Two-Sided Learning: Sublinear Regret

We evaluate the Way-SE-2S algorithm (Algorithm 3) in a two-sided learning environment where neither players nor arms
know their true preferences in advance. The market initializes with K = 15 arms and 3 players, subjected to continuous
structural shocks (player arrivals and departures) across three volatile scenarios. We compare our algorithm against two
static decentralized baselines: RR-ETC (Zhang & Fang, 2024) and Epoch-based CA-ETC (Pagare & Ghosh, 2023).

As shown in Figure 5, Way-SE-2S consistently achieves sublinear cumulative regret and bounded instantaneous regret across
all scenarios, significantly outperforming the baselines. While the static baselines may exhibit faster initial convergence
before any population change, they fundamentally fail to adapt to dynamic environments. The asynchronous entry of new
players disrupts their rigid phase synchronization, and the departure of players shifts the Player-Optimal Stable Matching
(POSM). Consequently, even if a baseline algorithm coincidentally reaches a stable state, subsequent structural changes
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Figure 5. Way-SE-2S in two-sided learning (K = 15). The cumulative (left) and instantaneous (right) regret across three scenarios.
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inevitably trap it in suboptimal matchings, causing its instantaneous regret to remain persistently positive and its cumulative
regret to diverge linearly.

Conversely, the detailed instantaneous regret dynamics (the right panels of Figure 5) confirm the resilience of Way-SE-2S.
Although structural shocks trigger immediate spikes in instantaneous regret when current POSM changes, the Restless Ping
mechanism guarantees that players become aware of the situation and re-explore the new matching. Thus, these spikes
are narrow and decay rapidly to zero in a finite time, confirming that the system swiftly resolves local conflicts and safely
re-converges to the newly established POSM.

E.3. Full Preference Landscape for X' = 15 Experiments

To provide transparency regarding the simulation environment, we list the complete preference rankings for all players and
arms used in the experiments with K = 15, for both Way-SE and Way-SE-2S. Table 2 details the player-side preferences
derived from the underlying utility matrix, where at most 15 players are used. Table 3 details the arm-side preferences.
These tables illustrate the conflicts in the matching instance, where efficient convergence requires resolving conflicts over
popular choices.

Table 2. Player Preference Queues. Preference ranking for all 15 players over arms.

P \Full Preference Queue (K = 15)

Py |A12 = Aro = A11 = A1 = A7 = Az = Ag = A3 = Ag = Ao = A1z > Aiu > As = As = Asg
Py A1z = A1 = A1 = A7 = Az = Ay = A1a > Ag = Az = As = Ag = Ap > A11 = Ao = As
Py | Ay = Ao > Ag = Az > Az > A1z > Ag > A1 > A7 = Ao > Ag = As = Aiyu > Ay > Ag
P3|A11 = Ay = Ao = Az = Ayg = Ag = A1z = Ag = Az = Ag = A7 = Ag = A2 > Ay = As
Py| A7 = Ag = As = Ay > Ay > Ag > Ag > A1z > Ag > A1 = Az = A = Ao > Ay > Az
Ps |A11 = A1 = A1z = Ag = Ag = Az = Ay = A2 = Ag = A7z = Ao = Az = A1 = Ao~ As
Ps |A1g = As = A4 = Ay = As = Ag = Az = A12 = Ag = Ag = A1z = A7 = Ag = Ag = A1
P;| Ay = Ajr > As = Ag > Ag = Ag = A1z > Ai1a > A7 = Az = Aiu > Ao > Ag > Ag > Ay
Pg|A1q = Az = Ao = Ag = As = Az = Ay1 = Ag = A1a = Ay = A7 = Ag = Ay = Ap > Agg
Py |A7 = A1a = As = Ajo = Ag = Az = Ag = Az = A1z = A12 > A1 = Ag = A1 = Ao = As
Pig| Ay = A1a = Ae = A11 = A7 = Ag = Ag = Az = Az = Ag = Ajo > A1 = As = A2 = Ais
Pi1|As = A1a = Ag = Ag > A0 > Ag = A1z = Ay = Ag = A1 = Az = A7 = A1 = A1 > As
Pio|A1g > A1z > Ag = Az > Ay > A1 > Ag > Ao > As = A2 > Ag > As = A7 = Ag > As
Pi3|A1a = A1z = Ag = Ao > Ay = A7 = Az = Ag = A1 = Az = Ag = Ao = A1 > A1z = A
Piy|Ag = A1z = Ag = Aro = As = Awa = A7 = A1 = Ao = A2 = Az = Ay = A1 = Ag = Az
Table 3. Arm Preference Queues. Preference ranking for all 15 arms over players.
A |Full Preference Queue (K = 15)
Ao |P1 = P; = Piyu> Ps = Py = Pop = P, = Pg = Py > Pio > P11 > P3 = Ps > P12 > P13
Ay |Pi11> Ps > Py > Pio > Pia> Py » P> = Ps > P; = Py > Pg > Pio > P1 > Pig > P3
Az |Pi2 = Pio = Po = Pia> Pz > P3 = Ps = P1 = Py = Po = P11 > Ps = P> = Ps = Py
A3 |Py = P> = Pio> P3 > Piyu > Pi3>= Ps = P11 >Pi2> Py = Py = Ps - P; = Ps = Py
Ay |P3s = Pg = Py = Py = Pio > Piau> Ps = Ps > P11 > Py = Ps = Pio > P13 > Py » P;
As |Pra = Pi1 = Pg = Py = Pi2= Ps = Pi3 = Po = P1 = Pr = Pio> P> = P3 = Py = Ps
A¢|Py = Py = P3 = Py = P;r = Pg = Piyu> P> = Py = P13 > Pio > P11 > Ps = Ps > P12
A7 |Piz = Po = P1 = Py = P11 > Pr = Py = Pio>=Pi2> Ps = Ps = Ps = Piau> P> = P3
Ag|Po = P13 = P» = Pg - Py = P = P11 > P1 = Py = Ps = Pio> P3 = Ps = P1y = P12
Ag|Py = P;r = P3 = Py = Pio> Py = Py = Pia> Ps = Py > Pi3> Ps = Pg > P11 > P>
Aio|Po = Pi2 > P3 = Pi3> Py = P1 = P, » P11 > Ps = Ps = Pio> Py = P; = Ps » Pia
A11|P11 > Po = Pr = Ps = Po = Pia = Pia> P3 > P2 = Ps = Pr = P13 = Py = Pio> Ps
Ay2|P1 > Py = P11 > Pio > Pia> P; = Ps = Pg > Py = P3 = P13~ Pia> Pop = Po = Ps
Ai3|Py - Py = Po = Ps = P3 = P; = Py = Pio> Pg = P13 > Py = P12 > P11 > P1 > P1y
Ay4|P11 = Py > P = Py = Py = Py = P; = P3 > Py > Pg = P13 > Pis> Ps > Ps = Pio

E.4. Two-Sided Learning: Robustness in Large-Scale Environments

To evaluate the adaptability and robustness of our algorithm, we move beyond isolated shock scenarios and construct a
complex, continuously evolving stochastic environment. Our objective is to demonstrate parameter sensitivity and stress-test
the algorithm’s resilience under relentless structural disruptions compounded by large state spaces and statistical noise.

Stochastic Environment Modeling. We model the dynamic market participation as a continuous stochastic process.
Specifically, structural shock events (players’ arrival and departure) sample following a Poisson process with an arrival rate
of Aevent = 0.001 per time step before Tiiap1e, Where the value of Ti,p1c Varies across different scenarios. When a shock
event is triggered, its type is determined by a uniform distribution (p = 1/2 for arrival, p = 1/2 for departure). Furthermore,
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Figure 6. Performance under Stochastic Dynamics: Cumulative regret across large market sizes ({ K, Ninit} € {{100, 20}, {200, 30}})
and varying A, s. Way-SE-2S successfully absorbs the relentless stochastic disruptions and maintains a sublinear regret trajectory.

to simulate realistic burst traffic, the volume of the shock—i.e., the exact number of agents entering or leaving during the
event—is sampled from a shifted Poisson distribution, strictly defined as Ng,;g ~ Poisson(Ayum = 1.5) 4+ 1. Within this
volatile and shifting population dynamics, we scale the quantity of players and arms to { K, Ni,;: } € {{100, 20}, {200, 30}}
and control the learning hardness via the minimum utility gap Ay, € {0.0005,0.001,0.002}.

Adaptability to Continuous Stochastic Shocks. The combination of large state spaces (X = 100 or 200) and continuous
stochastic population shifts can trigger persistent deadlock cycles for static algorithms. The constant arrivals and departures
of agents modeled by Poisson processes prevent static algorithm from reaching a steady phase. However, as demonstrated
across all panels in Figure 6, Way-SE-2S can still converge to POSM. The Restless Ping mechanism swiftly breaks local
deadlocks formed by random arrivals and prevents a permanent deviation from POSM.

Conclusion. These simulations confirm that the Way-SE-2S algorithm is resilient to stochastic market volatility. It can
dynamically track the evolving POSM and maintain sublinear regret growth.

F. An L, ;(t)-Adaptive Variant of Way-SE-2S

In section 5, our Way-SE-28S algorithm uses the uniform sample separation threshold

48logt
where Ay, is the minimum preference gap in the market. This appendix introduces the direct local-threshold variant
obtained by replacing this uniform threshold with a player-arm specific threshold. For each pair (p;, ay), define

48logt —‘

— (15)
min{A,, A,(ca) 12

Li,k(t) = ’7

where A; is the minimum player-side utility gap for player p;, and A,(Ca) is the minimum arm-side utility gap for arm ay.

We describe a local-threshold version of Way-SE-2S, in which the uniform threshold L(t) in the main algorithm is replaced
L; 1.(t). The resulting procedure keeps the same state update, target selection, Restless Ping, and conflict-handling structure

as Algorithm 3, while using the local threshold only in the corresponding waiting, timer reset, and sample threshold
conditions.
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F.1. Modified Algorithm

Algorithm 7 Way-SE-2S-L, ;. (from the view of player p;)

1: Input: Arm set K = {a;,}—', player-side gap A;, arm-side gaps {Agl) 7.}, and parameter d,.

2: Global Variables: Time step ¢ < 1, waiting counter ¢, < 0, S; + K, O; + 0, M; < EXPLORE, timer + K2,
Aheld < J_,ptri + 0.

3: Global Variables: [i; ;, < 0, N; , < 0, UCB; ; < 1,LCB; ; < 0,Vk € {0,..., K —1}.

4: whilet < T do

5 // Phase 1: State Update

6: (P, {Lix(t)}E") < STATEUPDATELOCAL(K, A, {AIEL 5.); //Alg. 8

7:  timer < timer — 1;

8 if M; = EXPLORE A timer = 0 then

9 M; < EXPLOLT; Cyait < 0;

10: Gheld +— argmaxg, cs, UCB; 1;

11:  elseif M; = EXPLOIT A aneid ¢ P; then

12: timer < Lj g0 (1)

13: M; + EXPLORE; Cyqit < 0;

14: Qpeld < L

15:  endif

16:  // Phase 2: Target Arm Selection

17:  (Target, [sPing) < SELECTLOCAL(K, P;); //Alg. 9

18:  // Phase 3: Execution & Conflict Handling
19:  Pull Target; Observe X;(t);
20:  if X;(¢) > O then

21: Update ﬂi,Targeta Ni,Target; Cwait < 0;

22: if 1sPing then

23: aneld < Target; //Ping Success
24: end if

25: if (M7 = EXPLORE) A (Ni,Tcm"get > Li,Target(t)) A (|,P1‘ = 1) then

26: aneld < Target; M; <+ EXPLOIT,; // Stabilize
27: end if

28: else

29: CoNfLICTLOCAL(T arget, IsPing, K). //Alg. 10
30:  endif

31 t<+t+1;
32: end while

The local threshold replaces the uniform threshold in exactly the places where the main algorithm waits for new samples
or resets the timer after a rejected proposal. During exploration, a successful pull of T'arget is sufficient for stabilization
only after N; 7arget(t) > Li rarget(t) and [P;| = 1. If a Restless Ping fails, the player releases its held arm and returns
to exploration with timer < L; 7arget(t). If a held arm rejects the player for & consecutive rounds, the held arm is
moved from S; to O;, and the next timer reset uses L; ,,, (t), where aoq is the arm that was just released. Finally, when an
exploited held arm drops out of the potential set, the player also returns to exploration using the threshold for the held arm
before releasing it.

F.2. Analysis

The uniform threshold in section 5 is driven by the global worst-case quantity A,,;,. When A, is only a conservative
lower bound, L(t) can be larger than necessary for many player-arm interactions. Intuitively, the role of the threshold
is unchanged after this replacement. In the main algorithm, L(¢) makes a player wait long enough for the confidence
intervals to separate reliable candidates from inferior arms before stabilizing or after returning to exploration. The local
threshold L; (¢) serves the same purpose for the specific interaction (p;, ay): it still enforces enough observations for the
corresponding player-side and arm-side gaps, but avoids calibrating every interaction to the worst global lower bound A ;.
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Algorithm 8 STATEUPDATELOCAL

K-1

1: Input: Arm set K, player-side gap A;, arm-side gaps {Aff)} i—o » and parameter d,.

2: Global Input: Candidate set S;, current time ¢.

3: 0 ¢ o

4: for a;, € K do

6: end for

7: for a, € K do

8 if N; ; > 0 then

9: Rad; j, + ;\/1}];]’“ <1 + 2log (K\/EFT”C))
i,k g

10: UCB; i, + min(1, f1; x + Rad; x);

11: LCBLk — maX(O, [k — Radi7k);

12:  else

13: UCBLk — 1; LCBi’k +— 0;

14:  endif

15: end for

16: LCBmaX «— maXa]‘ €S; LCB%J’
17: 'P7 < {ak c Sz | UCBZk > LCBmax};
18: Return P;, {L; (1) }1—,".

Algorithm 9 SELECTLOCAL

1: Input: Arm set X, Potential Set P;.

2: Global Input: S;, O;, apeid, t, ptri, Cwait, Mi, UCB,vk
3: if M; = EXPLORE then

if (Cwait = 0) \Y (aptri ¢ 'PZ) then

5 d* +— min{l <d < K | G(ptrs+d) (mod K) € Pits
6 ptr; < (ptr; +d*) (mod K); cyait <+ 0;

7:  endif
8

9

A

Return (a,;,, False).
. else
10: D; + {ak € (Sz U Ol) \ {aheld} | UCBi,k > UCBiﬂheld};
1

11: p(t) « TR (log 1) (K—2/K >

12:  ifD; # 0 ARand(U£(0,1)) < p(t) then

13: Target < RandomSample(D;);

14: Si + S; U{Target}; O; + O; \ {Target};
15: Return (Target, True).

16:  end if

17:  Return (apeyq, False).

18: end if
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Algorithm 10 CONFLICTLOCAL

1: Input: T'arget, [sPing, arm set KC.

2: Global Input: S;, O;, aneid, Cwait, Mi, timer, {L; 1 (t) f:_ol.

3 Cwait € Cwait T 1;

4. if IsPing then

50 Qhel < L

6: Cwait < 0;

7: M; <+ EXPLORE;

8. timer LZ-,quget(t); /I Ping Failed: target-specific timer reset
9: elseif M; = EXPLOIT A Cyait > K then
10:  aold ¢ Qhelds
11: S S\ {aoa}: O < O; U{acals
12: Qheld < L;
13: M, < EXPLORE; timer < L; ., (1);
14:  if S; = () then
15: S, — K;0; + 0 // Candidate Reset
16:  end if
17: else if M; = EXPLORE A Cyqit > K then
18: Cwait < 0;
19: end if

This appendix does not change the worst-case theorem in the main text: replacing L(t) by L; ,(t) gives a local-threshold
variant whose analysis follows the same confidence-separation argument, with the global threshold recovered by the

inequality L; ,(t) < L(¢) whenever A, < min{A;, A,(Ca)}.
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